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A ': . The fulfilment of my promise to give an appendix, containing 

solutions or hints for the solution of all the problems given in 
my Third Edition of Solid Oeometry^ has entailed much labour; 
but this labour will not have been thrown away if it should in 

(^ any degree have added to the usefulness of the book ; at all events 

it has enabled me to detect many errors and omissions in the 
statement of the problems which might have given trouble to 
the studen.t. A table of these errata is given on the following 

page. 

Mr. Chree, Mr. Berry, and Mr. Bichmond have shewn no 

discontinuity in their kindness, for they have not only corrected 
the proof sheets, but have detected important errors iiTthe problems, 
as e.g. m £X. (7) (Mr. Berry), and in LVIII. (3) (Mr. Bichmond) j 
the geometrical solutions of LII. (1) and LXIV. (9) were given 
by Mr. Berry and Mr. Richmond. I wish to thank Mr. Chree 
especially for his superintendence of the printing during my absence 
in the Long Vacation, and I am glad to have this opportunity 
of noticing a great improvement on the last two lines of my 
solution 'of XLIII, (4), which was suggested by him but 
unfortunately arrived too late, viz. ** if (a?, y, «, w) be the centre, 
the left side of (l)=-iZV' 


Errata in Hints for Solution. 

PAGE 

44, XXXI. (9), reference to fig. 1 is omitted. 

76, L. (2), line 2, far (r^, read i (r^. 

77, in. (6), line 2, /or ar'^y'^, read a;-y »• 
79, LH. (2), line 4, /or PS, read QS, 
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PROBLEMS. 

Errata majora, 

PAGE 

113, XX. (8), insert +oJc = after cxy, 
128, XXm. (9J, line 5, insert - before a. 

179, XXIX. (1), line 12, for ^f, read 4B, 

line 13, /or 1, 0, 1, read 1, 0,-1. 

180, XXIX. (9), line 3, insert +a"^a/{a + b) after y\h, 

225, XXXYI. (9), aM for the same height of the luminons point, 
XXXVn. (7), line 2, deU double. 

226, XXXYIII. (8), add aU the intersection of tangent planes at B^ C, D, 
236, XL. (3), dele of revolution. 

(7), insert +«' after — C'z). 
801, XLIX. (6), /or 4ir {1 - tf / ^(a* + tf% read 4ira/J(a« + <?«). 
303, LI. (7), line 3, for the portion, read any portion, 
line 4, for ir, read 2ir. 

line 5, add estimated symmetrically with respect to the portion. 
(9), line 4, for ; also die, read along circular parts of their intersection. 

328, LY. (3), a4d and the central circular sections. 

(5), for oonoidal surface, read right conoid. 

329, LVI. (2), line 6, /or tangent... at P, read generator of the scroll through P. 

m, urn. (7),/or^^, read Q\ 

LYIII. (3), add itp,qhe measured along fixed generating lines. 
(4), line 6, for conicoid, read helicoidal surface. 
856, LX. (2), line 6, insert — before pr<rpTq, 

(6), /or epicycloid, read hypocycloid. 

{7), line 6, insert +i{<p{p+iu) — <p{p — iu)} after f{p — iu), 
372, LXII. (1), line 6, /or »»«, read m. 
389, LXVL (5), /or n-2, read 2 («-2). 

Errata minora, 

89, XV. (4), /or J?C, read PC. 
101, XVin.(14), line 1, /or (11), read (14). 
126, XXL (10), /or 6«-m», read (^« -««)«. 

181, XXXI. (7), line 4, for a'We'^, read lla'^h'^c^, 
224, XXXV. (6), /or ax, read az, 

248, XLII. (8), line 5, add and a^ after a'b'c. ' 

249, XLIII. (10), for pair, read pairs. 
276, XLVI. (7), /or /3, rearf y. 

302, L. {^),for p/zj read p/x, 

329, LVL (4), for i^, read xf/. 

354, LVni. (1), for square, read rectangular. 

356, LX. (7), line 2, /or a, read a. 

lines 9, 10, 11, for index *, rea<^ •. 

line 10, omit — before wasp, 

line 11, /or sins^, read ansp, 
389, LXVL (3), line 6, /or a'^, reoci a«. 
402, LXVn. (6), for (5a-i + ^»), read (5a + *). 
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XXXI (9) 
Fig.l 


XLVI (1) 
Fig- 2. 






HINTS FOR THE SOLUTION OF PROBLEMS 


IN THE THIRD EDITION OF 


FROST'S SOLID GEOMETRY. 


I. 

(1) Two points (fa, |a, ±2a). 

(2J Prove that (aj-y)' = 0, two pairs of coincident points 
(a, a, a) (— a, —aj — a). 

(5) Circle in the plane xy. 

II. 

(1) (i) Cylinder on a circular base touching Oy. (ii) Traces on 
zx^ zy^ parabolas ; the section by any plane parallel to iry is a 
straight line, (iii) Sphere, whose centre is (a, J, c). (iv) Generated 
by parabolas revolving round Oz'^ or by circles, centres in Ozj 
intersecting parabolic traces on xz^ yz. (v) Planes 2 = ± A cut the 
surface in straight lines through Oz inclined to the plane zx at an 
angle tan"* (V jc^), (vi) Generated by a hyperbola parallel to 
plane xy, (vii) Generated by an ellipse, one axis constant, the other 
changing from to oo . (viii) Trace on plane yz the parabola 
y* = cZj and on plane j5 = A an equal parabola with vertex (A, —A, A), 
generating a parabolic cylinder. 

(2) Fig. page 3, (i) r=asin^ gives a circle in plaru' POiL 
touching Oz^ the same for all values of 0. (ii If a imitU* ii» 
plane ocy touch Oy and pass through 3/, r= OM for 'A\ \:\^\,v- 
of 6^ giving a circle in plane POM, (iii) ^ = ^tt + Jtt sin 4c; t< r i\\\ 
values of r, OP makes Z^Trsindcb below plane dy^ and gti.cr.ttc:^ 
a surface cutting xy where = 0, Jtt, ^tt, &c. 

B 


PROBLEMS in., IV. 


III. 

(1) Art. 23, let Z, in, n be the direction-cosines, ?cosa4 m sina=0, 
7n Bln7 + n CO87 = 0. 

(2) Zr + mwi' + wn' = i, .•.(?-?)'+... = !, Z(Z-0 + -=ij 
Z(Z-0 + - = -i. 

(3) sin'a 4- sin' (a + 45") + sin' (a + 90") = 1 , /. a + 45" = 0. Also 
cos*a + co8*2a 4- co8*3a = 1 , .*. cos 2a cos 3a cos a =: 0. 

(4) Fig. page 44, AE^ BE perpendicular to CD. 
cobAEB:={2AE*^AB')I2AE*, and AE=^^/^AB. 

(5) 2 (?* + 7n*) - {1 + my = w'' = (Z — m)', the direction-cosines are 
^j Vi, - Vi, and Vi? 0, - Vi- 

(6) Elementary sector of the circular base = elementary triangle 
of surface X ajL 

(7) The relation is not altered when — Z is written for 7, or 
— m for m, or — w for «. 

(8) Areas are as 3:4:5, and, by Art. 36, X : /a : v = 3 : 4 : 5, 

IV. 

( 1 ) cos'a + cos'^ + cos*7 = 1 , /. cos (a + 0) cos (a - ^8) + co8''7 = 0, 
whatever 7 is, a + i8 is least when a = /?, similarly a=7, /. 3 cos'a= 1, 
whence 3a, the least possible value of a + )8 + 7, is found. 

(2) Shew that XZ+^m+i'w = 0, and X+/tt+v=0; X, /*, v being 
the direction-cosines. 

(3) Shew that c' (aP + ySw') + 7 (aZ + Im)^ = 0, hence that • 

Z,Z, : TWjTn, : WjW, « c*)8 + J'7 : a'7 4 c'a : b*a + a'/S. 

Condition of parallelism is that of equal roots of the quadratic 
in ly m. - . 

(4) Similarly. 

(5) X, /Lt, V direction-cosines required, XZ+. . .=xr+ . . . =^XZ"+ . . .=/>, 

iy m J n 
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1, 7w , n 
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1, m 
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For the second case, shew that 

Z = TwV - m"n\ /. X : /A :, V = Z+ Z' + Z" : ... 
(6) Art. 26, w+v+«?=2<i/S7+2i7a+2oa;3, P=aV4...-2Jc)97... 
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PROBLEMS IV., V. o 

(7) Z, 7W, n and l\ m\ n direction cosines of the lines. Prove 
Z — r = — (wi— w') and l-^r=:m + m\ :, l==ra\ m=^l\ 2lm^ — r?^ 
(Z-7n)' = 3M*, thenZ = i(-l±VJ), w = ^(l±Vi), w = TVJ. 

(8) Art. 25, X', /a', v required direction cosines, 

' (9) l-i(Sl9)'+...= Z(? + 8Zj+... andl=:(Z+8Z/+.... 

(10) Art. 36, a an edge of the cube, 2^, « a' = 2^3 = Su4„ 
normal to plane of maximum projection has equal direction cosines 
and maximum area^aV^. 

(11) Let be the inclination of the planes; the perpendicular 
from n on the plane ABG ^ DU cos 0. 

(12j} 'Art. 28, i, i¥, N direction-ratios, 

-7 + i + ilf cos V + jY cos/A = 0, 

and three other equations ; eliminate Lj M and N. 

V. 

(1) «;=«=:— iy, cosa=cos7=: -^cosjS, sec)8= - Vfj sec2)8 = 3. 

(2) Use the three equations 

(^-l)(3^.-l)(^-y) = 0, [y^\){z-l){y^z)^0, 

(2-l)(^~l)(i5-a-) = 0, 

satisfied by aj = y=l, a:=ljy = 5?, &c, and x = i/=:z] straight 
lines passing through (i, 1, 1). 

(3) Satisfied by a?=y = ;s, direction cosines Vij ^/h VJ» 

(4) dj* + 2a:z == O", /. straight lines are a: = 0, y = and a; =y = — 2^;. 

(5) Straight line is {x-'b)l(c'-b)^{y''c)l{a''c)=^{z^a)l{b-a) 
perpendicular to straight line 2x/(i + c) = 2y/(c + o) = 2;r/{a + 1) 
and the other two lines. 

(6) It Is the distance from the origin to the projection of the 
line on the plane ajy, and is {am^bl)l\/{P'\-rri^), ^^^ equations are 
la! + my = and « = 7, which meets the given line, shew that 
7 (P + 7/1*) + n {al-^bm) = 0. 

(7) Line joining centres of the edge and diagonal is the shortest 
distance =a/\/2. 

(8) Take j/ = -4 + Bz/c and mx = A' + B'zjc for the intersecting 
line. Shew that A' = B and jB' = -4, and make -4 = wi\sin^, 
jB = Xcos^. 

(9) The points are (a cosa, a sin a, c) ; {±b cosa, + b sin a, — c). 

(10) Art. 59, cylinder of evanescent radius. Equation may be 
written {ny - mzy -f [Iz - nxY + {mx — ly)' = 0. 

(11) Art. 64, for the locus, 2; = |(c - c) « 0. 


4 PROBLEMS Yl. 

VI. 

(1) For the given line 7nx + ny + fe = a and nx -^-ly + mz —0, 
.\ x\ y \ z = l^- mn : iri^ - nZ,: n^ '-lm=^L : M : N. If \, /a, J' be 
direction-cosines of the required line, L\ + Mfi + jftTi' = 0, and 
n\ + lfj, + mv==0. At the point of intersection x==Xr^ &c., and 
{m\ + w/A + Zv) r = a ; shew that rV (Z'' + if* + -^P) =* a\/(i* + wi' + n'). 

(2) The straight lines must satisfy the three equations 

(a; + l)(y + l)(a?-y)(a:+y-l)=0, (y+l)(«+l)(y-«)(y+«-l) = 0, 

and («+l)(a?+l)(2-^)(« + x-l) = 0, 

their equations are of the five types a?+l=0, 2?+l=0(i), 
^4-1 = 0, 2/==«{ii), a; + l = 0,2/ + a = l (iii), «-y, y + « = 1 (iv),^ 
three of each, and x^y^z (v) ; (iv) and (v) are four diagonals of 
a cube. 

(3) Eliminate «, and shew that x^x^ : y^y^ : z^z=b-c : c— a : a- J. 

(4) Shew that wic- w5 — (? + 7n*+ n*)a;+ Z(Za; + 7ny + ««) = 0j 
Zj W2, n are direction-cosines. 

(5) Shew that vJ - ftc + [l\ 4- w/t* + wi') .2? - I (Xa: + /^y + v^) = 0. 

(6) Art. 64, direction cosines of -4' Care as 

[BG + A'B') coka : (5C - ^'jB') sin a : BB\ 

those of j5'-4' are as cosa : - sina : 0; .\ BGcos2ol = — A*B\ 
Similarly ^'C'cos2a = -^J5. 

(7) ±a the inclination of the rays to Oxau plane zx, 13 that of 
the straight line in plane xy of the mirror. Shew that the cosine 
of thc) angles between the rays and line is cos a cosyS for each ray. 
Geometrically, the incident ray, and reflected ray produced back- 
wards, are similarly placed with respect to the line. 

(8) ^xV^i) ^J/i^t proportional to the directloa-cosined of the two 
lines, eliminate z and obtain 

^*i^t • ViV^ ' ^1^1 + ^Jfi = ^^^^ + ^^* • ^^' + c? : - 2c/wi. 
Deduce the value of irja:,+y,y,+«^2;,: VK^Jiy,— ^jyi)'+...}=co8^:sin^. 

(9) The projections of the straight lines on the plane xy will 
form a harmonic pencil. The equations of the projections are 
w^ [ax^ + hy^) h- c ( w« + v^)' = and w' {Ax^ + By^) + C (u« + vyY = 0, 
when y is given, let ^,x„ -Z^, X^ be the roots of the equations 
A'j — ajj : JTj — a:, = ar, — -Xj : JT, — ar^, whence 

2a:j(r, + 2X,Z, - (a-, + a:,) (Z, + X,) = 0. 

(10) Axes as in Art. 64, r, r distances of points on the two 
lines from the shortest line, (a:, y, z) the middle point, 

2a; = (r + r) cos a, 2y = (r — r') sin a, « = 0, 

(r - ?•'/ cos^a + (r + r )* sin^a = constant ; 

.*. locus is an ellipse, ^* cos*a + a;' sin^a= constant. 


PROBLEMS tl., Vii. O 

(11) Sphere, centre 0, cuts the axes in X, Y, Z] draw ZU 
perpendicular to the side XY of the spherical triangle XYZ^ let 
XU^B, ZU=^ylr, triangles Zt/X, Z?7r are right-angled, 

.*. COS^ = COS'^ COsS, COSa= COS l|r COS (7 — S), 

prove that sin*^ sin*7 = 1 - cos^a - cos*/8 — cos'^y + 2 cos a cos^ cos 7, 
z sin yjr is the distance of a point from plane xt/, 

(12) 8\, S/A, SA', Sfi are increments of X, /a, X', ^' when the 
parameter has an iniinitesimal change, at the point of intersection 
xS\ + S/* = and xBX' + B/m' = 0, .*. B\ . Bfi' = S\' . Sfi. 

VII. 

(1) Equation of the plane being \(aj — a) + )Lt(y-6) + v(2?-c) = 0, 
XZ+zim + v^ssO and Xa+fibi-vc^Oy whence \, /a and v; given the 
two lines (4? — a)/Z=... and (a5 — a')/?= ..., the equations of the 
required line are a?(6w — C7w)+...= (1) and a;(6V-cV/i')4...= (2). 
When Z' = Z, &c., both equations are satisfied by xjl^^ylm^zjn^ 
parallel to the given lines, but the required line will be indeter- 
minate if (1) and (2) be coincident, the condition being 

hn — cmiVn — dm = cl— an : dl — an, 

(2) Shew that the equation of the plane is a;H-y4-«=a+J+c (1). 
Take \(a3 — a)+...=0 for the plane through (a, 6, c) and (i, c, a). 
Prove that \: ^\ v^^a + b-^'Ic : i + c — 2a: c + a — 2i, and that 
Its intersection with (1) isxl{a — b)=-yl[b''C)=^zl{C"a)^ another 
of the intersections is xl[b— c)=^yj[c — a) = zl[a'-b)^ inclined at 
an angle a to the former, where 

± co8a = {(a- i) (6 - c) +...}/{(a - b)' + (i- c)' + (c- a)'} =i. 

(3) aj + y + « — 3 = and a + y - 3^; + 1 = 0, for the plane 
through the origin 4 (a? + ^) — 8« = 0. 

(4) Common point is (1, 3, 2). Plane equally Inclined to the 
axes is a; — 1 +y — 3 + « — 2 = 0. 

(5) By Art. 37, for the dividing point 

a; = {\ (a + Ir) + V (a' + l'r)}l(\ i- V), y = ... iji = •.., 
eliminate r and r . 

(6) Any point in the line joining (x, y, s) (x\ y\ z) satisfies the 
equation A (X^+ W) + i^(Xy + xy) + C'(X«4-XV)4-i>(X+X') = 
for all values of X : X'* 

(7) Where the plane a?/a'+.«. = l meets the diagonal 
xja = ylb^zlc=^ «, {a /a + b/b' + c/c) 5 = 1 and « = AFjAB, 

(8) P, P' the points (a, 6, c), (a', &', c'), the two straight lines 
are FQ parallel to 0P\ and P'Q to OP; C^P^P' is the plane. 

(9) Adding the first two equations gives the third. 


6 PROBLEMS VII., VIII. 

(10) All three are perpendicular to the same line. 

(11) l\ m\ n direction-cosine of a second line,/, xr-f/iin'+m =0, 

(12) The two planes are \x + fM(y + 2a)'\'Qv(z-a) = and 
\'(x'\-a) + 2jjL'y"l2v'z. For the first of these \ + yL6+v = 0, 
\ + ^/A - ^v = 0, /. \ : At : 1/ = 2 : — 3 : 1 , and the equation becomes 
2a5— 3(y + 2a)-+6(2?-a) = 0, the perpendicular from on this plane 
i^ ya; similarly for the second the perpendicular from is ~fa. . 

(13) A, J?, G, D the four points, for BCD, 2^ + y + 2! = ll; 
for GDA^ ^ -f ,y + 22 = 9 ; for DAB, ;2? - y = 1 ; for ABG, j^ - a; = 1 ; 
dihedral angles containing BD and AG, 90"; AB^ 60°; BI), GA 
supplementary. 

(14) If ABG be the triangle, GD perpendicular to -4J5, ^B is 
perpendicular to plane GOD, whose equation is /. ax = hi/. Shew 
that the orthocentre is given by ax = br/==cz = (a"^ + b'\ + c~'^)"\ 


VIII. 

■ 

(1) Each member = ^fL±M±^ = o^±^^±7« , 

(2) Any plane through the first is X(^— o)+/i(y-&)+v(«-c)=0, 
if XZ + /Am + vw = 0, and if it contain the second ^ 

i \(a -a) + fi (b' - 5) + I' (c' - c) = ; 

/. plane required is {m (c — c) — w (&' — i)} (j? - a) + ... = 0. The 
condition makes the straight lines coincident and the plane 
indeterminate. 

(3) Each member = —p r — t-^—vc — 77 — ^ — . 

^ "^ x[^m—n)-\-y{n-L)-\-z{t-'m) 

(4) Plane through the first Is y/J + «/c— 1 + Xa: = 0, and being 
parallel to the second is ylb-\-zlc — xja=\) plane through the 
second parallel to the first, xla—zjc-yjb=-l ; take the sum of the 
perpendiculars from the origin. 

(5) Plane through the line Is Xa; + /xy + v2? « 0, where 
\l -^ fim + vw = 0, and 

W + ixm' + vn' = ± cosa ^(\' + /a* + v') ^/(P + m" + n'O, 

whence the equation of the two planes, since Xifi: v=ny—mz:,.. : .», 
As the plane turns round the line, there are two positions for every 
angle at which it intersects the given plane, which become coincident 
when the angle is equal to the angle between the given plane and 
line, and this is the least value of a. 


PROBLEMS VIII. 7 

To shew analytically the coincidence of the two positions ; for 
the critical value of a, (Z* + ...) (?* + ...) 8in*a = (?Z'+ ,..)*, prove 
, that (V + /t' + v') (W + ..,y = (r + m' + n') {(fin' - vm7+...}, (1) 
write for X* + /a* -}- v', (P + m' H- w^) (^* + y' + «*) - (la; + my-h nzj 
and for fm'—^vm\ l(l'x^my-^ n'z) ^a(ir+ mm + nn)^ whence by (1) 
{(?+ m'H- n") (Z'aj + my + nz) - (/Z'H- W2m'+ nw') (ir + my + w^?)}" = 0, 
the geometrical interpretation of which is obvious. 

(6) For a plane ;5 cos)S - a; sin^ + /w-y = 0, cos'^/S = (1 + /a*) cos*a 
eliminate fi. 

(7) Take a, a\ &c., for reciprocals of 0-4, 0^', &c., the three 
lines being the axes. Shew that the intersections of each pair lie 
in the plane (a + a') a: + (6 + b') y + (c + c') « = 2. ' * 

(8) As in Art. '82, since p = cr V3, the bisecting planes are 
(J-hc-2a)a;-H(c+a-2%+(a+J-2c>=±V3{(J-c)a:+(c-a)y+(a-J>}, 
and making a + c = 2J, 3 (- a; + «) = ± V3 (a? — 2y + «), y = 0, 
(V3±l)a; = (V3Tl);2;. 

(9) If the distances of (c», y, z) from the three planes be each p, 
Pi - l.x^m^y^n^z^p, &c.; /. Z,;>, + Z,;?,+ Z,;?s-a^=tt'+^a+ypj &c, 

(10) Take plane xy parallel to the given plane, and planes 
zx^ zy each to contain one of the lines ; let the equations of the two 
lines be aj = w2?4-/, y = 0; y = nz-^g^x=^0] and let (?, ^, ?) be 
a point in the moving line when Its distance from plane xy is ?, 
dividing it in the ratio \' : X, 

.-. | = X(»«?+/)/(X + X'), i? = X'(«?+i^)/(>- + ^> 

(11) Equate each member to p, eliminate ^, y, and z ; 

... (a-p)(i-p)(c-p)-a'*Xa-p)-i'Xi-p)-c"(c-p) + 2a'JV==0, 
giving generally three values of p, and therefore three lines. 

Each member = [(ad' — JV) x -f (aV — iJ') y]l(ax — Jy) = &c., 
hence, with the given conditions, either 

dx^Vy^cz or xja -i-ylb' -i zjc^O. 

(12) Equations, of a line intersecting the first two are 
x-hy — z- l=^ax SLui X'{-y^z + l = l3y, (1) 

but where it meets the third line, 2y=aa?; and 2x=fiy^ :, a^=4, or 
(x + y — «)* — 1 = 4xy, Where it meets the fourth line a — 1 = ax 
and a-\-l--fix] /. a-i8 = 2, .*. a = ±V5+l, i8 = ±V5-l. 
Equations (l) give a; : y : 2; = y8 : a : (1 — a) /S + a ; .*. direction- 
cosines of the two lines are as ± V5 — 1 : ± V^ + 1 *. 2 (± V^ — 2). 
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IX. 

(1) Every point in either bisector is equidistant from the two 
given planes. 

(2) For every point in the plane, Ax=SV with quadriplanari 
or 07= 1 with tetrahedral coordinates. Arts. 98, 99. 

(3) Take P a point in ^ 0, 

YolPACD =-Yol AOCD ^xolPOCD, /. By = /^OCD(AO-'x). 

(4) For a point at an infinite distance in AB^ z^O, w = 0, 
and a+y^Oj by Art. 110, the last being the equation of a plane 
through CD. 

(5) Take P the given point, the plane is PAD^ the line is AP. 

(6) Take P, Q the first points of intersection in ABy CZ), 

x^PBjAB^l, y^PAlBA^^, .\ x^2y. 

(7) ' Centre of gravity is the same as of four equal masses placed 
at it, i5, Cy J3, .'. distant from BCD = \p^ ; :, x = \^y = z = w. 

(8) The middle points of AB, CD are (i, i, 0, 0), (0, 0, i, ^\ 
,\x = y, z^w is a straight line containing both points, and also the 
point x = y=^z^Wj similarly for the other opposite edges, 

X. 

(1) Plane lx-^niy-\-nz+rw=^0 cuts ^5 in P, where Ix+rny^O; 
y = 0, Ix — my = 0, a* = 0, and Ix + my = give four planes through 
CD cutting AB harmonically, the six planes all pass through the 
point Ix = my ^ Tiz = riv, , 

(2) Equation of -40 is ylm^^zln^wlr, coordinates of are 
Is^ ?W5, «*, r^, where (Z -f- 7?i -f w +r) 5 = 1, at -4' ; ;r + 1 = 2/^, y = 2mSj 
z = 2ns. w = "Irs. 

(3) Let r^, r, be the radii ; the centres are (— rj, r,, r^, r^) and 
(^,1 ~^»' V ^'j) 5 •'• ^^^ straight line a;+y=0 and z-w contains both. 
PC'.DO^w'.s^, CD'.PD=-r^\z, and z:=^w] :. PC:PI)=r^:s^=^D: C. 

(4) Take the order of trisection ^ P^?^ arid GFQD^ P, P' are 
ih h 0, 0), (0, 0, I, J) middle point of PF is (J, J, J, i), similarly 
middle point of QQ' is (J, J, J, J), the straight line x — z^ y = w 
contains both and bisects BD and AC^ similarly for the other 
arrangement. 

(5) Centres of AB. CD are (^ i, 0, 0), (0, 0, i, i); by 

Arts. 101, 103, -Z''=i(-«''-*'' + <-«"-*" + = -K; by 
Art. 1 05, 2(ra' cos w = 2 (a* '>- a'"), /. 4/r cos ca = a^ ~ a". j 
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(6) Oa, Oh perpendicular to BODj ACD^ the distance of b 
from plane BCI) is Oa-hOb cos (AB)=iX-hy cos (AB)^ similarly 
for the feet of the perpendiculars on ABG^ ABD^ and the conditions 
of the problem give 

x = l{^X'\-y cos {AB) + z cos {A G) -f w cos {AD)]^ (1) 

but u4 = ^ cos {AB) + G cos {A G)^-D cos {AD) j 

/. xl A = ylB^afG=ci)[D satisfies the four equations corresponding 
to (1). 

(7) Let py pj be the radii of the two spheres touching BCD 
internally and externally ; by the equations of Arts. 9^8, 99^, 

(8) Let be the centre, and B the radius of the circumscribing 
sphere, and let AO produced meet plane BGD in P, the tetrahedral 
coordinates of are OPfAP^ &c.^ or 1 - 5/ ^P, 1 ~ii/J?P, .-. ; 

,\ 4.^BIAP-BIBP^BIGP^BIDP=1. 

(9) Take the centre, p the radius of the inscribed sphere, 
plane OA'B' cuts GD at right angles in P, -4'Psin7=pcot^7sin7, 
hence quadriplanar coordinates of A' are 0, 2p cos'^j 2p cos'^/S, 
2/:) cos'^a, and equations of AA' and BB' are 

iy/cos*47 = 2;/cos*^/8 = 2z?/cos*^ay 

'^' and a;/c0s'^7 = 2;/cos*Ja =i«?/cos'*^J; 

if -4^' and jBP' intersect cos*^a cos'^a = cos'^/8 cos'^J, so also 
for aC, i)2>'. 

(10) Draw -4a perpendicular to BGDj cutting the given 
plane in P, the distance of a from plane -k CO is p^cos{AB)j 
.-. at (i^y—Po ^^i^^)l9Qy &c., and the equations of Aa are 

cob{AB)' cos{AG)^ co^{AD)''^^ «^;Pa-^^ ^^ 
at P, p (1-P/p J+P{cos(^P) qlq^-^- co&{A C) rjr^^ cos{AD) wjw^] = 0, 
and by Art. 109 or 112,^ = ^cos(p, ^J, .-. &c. 

XL 

(1) Let a, b be the middle points of P(7, GA^ j + r = 0, p = 
are the equations of a and A^ p-^r=^(>j q = those of b and P, 
j> + g' + r = is the equation of a point in both Aa and J56, i. e. of 

(? the centre of gravity of ABG. p + q + r-^-s^O is a point 
in the line joining p + q + r^O^ and s = 0, i,e. in G^i?; similarly 
for the other lines. 

(2) The distance of the centre of the circle from BG is ^a cot A ; 
let lp + mq + nr = be the equation of the centre ; and the value* 
of ^, 2) ^ ^^^ * plane through BG^ perpendicular to plane ABGj are 
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JsinC, 0, 0, and, by Art. 116, ZJ sm(7/(Z+ w4 w) = |a cot.4; 
-*. Z/(Z+7w+w) = icos-d/sin5sin(7, /. Z/sin2^=m/sm2jB=7i/sin26v 

AUter, Let be the centre and let AO produced cut 5(7 in a, 
shew that Ba t aG=^Bin2C : sin 25, equation of a is 

flf8in2jB+rsIn20 = 0. 

(3) Tbe plane passes through the three points p + q + r = Oj 
^4 r + 5 = 0, and^^ + ^-l- J^O, .-. y = r = s = -^jt?, and each Is equal 
to J^^, either directly by geometry, or by Art. 127. 

(4) Let DP: PB = \: fjL* then the equations of P and Q are 
\q + fjLS = and /ip + Xr = 0, X(5' + r) + /Lt (^ + s) = is that of a 
point in PQ, which lies in the line joining the middle points of 
BCj AI), diriding it in ratio fi : X. 

(5) j + r=0, ^ — « = are the equations of the middle point 
of BCj and of the point at infinity in AD, Art. 121. r + 5 = 0, 
p — 2 = are similar equations for CI) and AB, g' + 5 = 0, ^-r = 
for x)j5, a C, hence the three lines of the problem have a common 
point, whose equation is q-\'r + s—p=^0. 

(6) Let \p + ^q + vr^ ps = be the equation required, the 
distance from BCD is ' , 

XpJ(X + M"\'y + p)=-ipAB+C+D)l(A + B^C'\-D), 

,\\:fi: v:p^B+C+I): C-j-D-^^ A : B-j-A + B : A+B+C. 

(7) The tetrahedral coordinates of the centre of any sphere 
touching the planes of the four faces are proportional to A, B, G^ J) 
with the proper signs, and the equations of the centres of such 
spheres must be included in the form ± Ap ± Bq±Cr ± Ds =^0 \ four 
such as -4^ + -B^ + (7r-i>s = 0, three such as Ap-hBq=Cr+Dsy 
and one Ap + Bqi-Cr+ D8=^0, 

XII. 

(1) Let G be the centre of gravity of A CD, the equations of 
G and JB are ^ (p + r + «) = 0, ^^ = ; .-. that of b is 

i(p + r-\-s)'-q=:Oj or 2(p-\'q-\'r-{'s)^5q] 

/, J =;= r =s=— 2p for the plane bcd^ cutting AB at a point 2p-\-q=0. 

(2) The point in the line joining B to the centre of gravity 
o{ AGD is w.J(j? + r + 5)-f-w2 = 0, or m{p-\'q+r+s) = (m-dn)q'j 
and, for the proposed plane, g = r = 5, and mp + (2m 4 3w) q = 0, 

(3) Xj y^ z^ w being tetrahedral coordinates of P; for a, 
yq + zr -^108 = 0] for i, xp -\- zr -^^ ws ^ \ where ah meets AB^ 
xp-yq=0] {or dyXp+yq-^-zr^-O'j where Cd meets AB^xp-i-yq^O. 
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(4) P, Q being intersections of AB^ ah and DB^ db\ for P and 
Z>, xp—yq^^Q^ and « = 0; for Q and A^ yq—ws = Oj and « = 0; 
:.ap'hws-yq:=^0 gives the point of intersection of PD and QA^ 
and since \i i^ xp ■\' yq^ + ws — 2qy = 0, the theorem is true. 

(5) The equation of -BT is 

(P+<7+X>)(/? + j + r + 5)-^p-P2-ar-D5 = 0, see XL (6), 
ia the perpendicular form of Art. 118, the equations of and O are 
(^p + ^j + Cr + 2)5)/(^+ji5 + C+i>) = and J(^ + 2+r+5)=0; 

/. HO I nail 4.1 1, or oa^^OH. 

(6) Let (pV?', '•'j O {P'\ i\ ^"i^") te the two planes U', E7"; 
and let V, iJb\ v'j p be the cosines of the angles between the normal 
to the plane ?7', and the normals to the faces of the fundamental 
tetrahedron. Let a perpendicular from A on the plane U' meet 
U" in Nj then -4^^= -sr =p" 8ec(Z7', U"), Tetrahedral coordinates 

of iVare (Pq— ^'^')IPqj "'^'/^Vs'o? ""^"'V^oj "'^'P'Ao? •'• *^^ equation 
of iV is (Po-'sy'^')plpQ — 'syf^'qlqQ'-'^y'rlr^-"STpsls^^ and ZZ" is 

a particular plane through JV; 

Bjr Art. 126, \'=p'IPo- '^os(AB)q'lq^- eoa(A Oyjr^- cos( Ji>>7»„, 
and similarly for /»', v', p', the given result follows. 

XIII. 

(1) (i) Tetrahedral coordinates. a=0, 7 = is a solution, 
therefore every point in BD is on the surface ; similarly A C, BG 
and AD lie entirely in the surface. 

Four-point coordinates. From the solution a = 0, 7 = any 
plane through AG touches the locus; let Xa4-V7 = be a point P 
m -4(7, by the given equation, 7 = and Zj'^ -f 7w\S = 0, give two 
points C, and Q in P2>, such that planes through PG and PQ are 
tangents to the locus, /. GPQ is a tangent plane to the locus, and P 
the point of contact. It follows that AG, AD^ BG^ BD lie entirely 
in the locus. 

(ii) Tetrahedral coordinates. When 7 = 0, (a + )8)*=0 (1), 
therefore plane ABD touches the surface at every point where it 
meets a plane through GD parallel to AB. A plane 'K(a + ^) = fiy 
intersects the surface in another plane /i (a + ^8) = XwS (2), the 
surface is generated by lines parallel to AB^ guided by a conic in 
A CD touching A (7, AD at G and D. 

Four-point coordinates. By the equations (1) any plane 
through G and the middle point Q of AB touches the locus at (7; 
and equations (2) determine points B^ Sin QG and QD:, such that 
any plane through E8 is a tangent plane to the locus ; the locus is 
therefore a curve in the plane. ^CZ>, touching QG and QD at G 
and 2>. 
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(HI) Write the equation IffyS H- mySa + nSa^S + raffy = 0. 
Tetrahedral coordinates. a = 0, ^ = (3) satisfy the equation, 
••. CD lies entirely in the surface ; so for all the edges. 

a/Z-f^/»i=?0 and yln-\-Blr^O (4) 

satisfy the equation, and the line of intersection of the two planes 
through the opposite edges CJ) and AB lies entirely in the 
surface ; the three corresponding lines for the opposite edges all lie 
in one plane a/Z + y8/7/i-f7/n-h8/r = (5), 

Pour-poipt coordinates. Equations (3) shew that every plane 
through AB touches the locus, similarly for all the edges. 
Equations (4), joining points P, Q in AB and (7Z>, shew that all 
planes containing P and Q touch the locus, and that the three 
corresponding lines joining pairs of opposite edges all pass through 
a point, whose equation is (5). 

(2) The surface represented by w = is the envelope U of all 
the planes whose coordinates satisfy the equation, v = is the 
equation of a point F. Let v = be the equation t)f a point F' 
near F, and let Cj C be the curves on U^ which are the loci of the 
points of contact of tangent planes through F and V ; the 
surface represented by w' = -4m touches both the cones, whose 
vertices are F, F', and whose generating lines are guided by the 
curves G and G\ 

When V moves up to F, G and G' coincide, and the surface 
represented by v^ = Au touches the coincident cones along the 
curve (7, and therefore touches V along the same curve. 

(3) The equation of the centre \s^{p-Vq-\-r-\'8)^0\ii both 
eases; the radii of the two spheres are jp^ and \p^. By Art. 119, 
the distance of the centre ftom the tangent plane (p, q^ r, s) is 
i (2? + 2 + /• + «), which = %Pq or Jp^ ; and, by Art. 127, 

jp^ + 2' + r' + 5' - 1 {pq + qr +...) =pp'. 

(4) Compare the given equation with that of a sphere of 
radius p, viz. {i(i? + ? + r + 5)}*p,' = p»{p' +... -|(pj + ...)} ; 
and shew that p^ = AaV ^^^ ^^^^ P ^® ^^^ ^^^ distance of the 
opposite edges. 

(5) The distances required are p ± \p^^ where p^ » a\/f . 

(6) The torse consists of two cones, the vertices correspondin|j 
to the planes of the two curves. 

(7) Let aa;+i8y+7« = 1 be the Cartesian equation of a tangent 
plane, r is the perpendicular distance of the centre (Zr, Twr, nr) from 
the tangent plane, .*.{!- Qcl + m^ + mj) r]lf>J(j3? + )8* + 7') =« r. 

(8) Let a, i8, 7 be Boothian coordinatf^d of a common tangent 
plane, .\ r"* -- « = V(a' + /SH 7') = «"' -#•' 


/ 


PROBLEMS XIV, 13 

XIV. 

(1) Since aw^7ijH-&WjZj+cZ,Wj=0 and a?n,w,+Jw2?j+cZj«i,=0, (1) 

also m^n^ -f »i,w, + mjfi^ = 0, &c., /. amjfi^ +. . .= 0, 
Eliminating c from (1), 

and, by Art. 146j 

(2) By addition a + J + c = 0, /.a (Z,* - w/) + b (m^ - w,') = 0, 
and axh : c = m^ — n^ \ w/ - l^ : Zj'* — tw,'*, &c. 

Also a QX - IX) = b (n^m: - n^m^'), 

hence, by Art. 146, 

(3) Turn the axes Oa?, Oy through 45'', x = »J^(x' —y'^ and 

y = Vi(aj'+y); /. V2a;'« + i (a?" - y") = «'? ^^^ Ox\ Oz through 
angle cos-V|, ajWi^"-Vi«", «=Viaj"+V|«' =0, aj"^-i(y"»+«"0=a^ 

(4) As in (3) the equation becomes aj^+y'+^'+a*— i(y*+2*)=a'. 

(5) Let Ox, 0/^, Ov be each perpendicular to two of 
01^ Only Orij viz. OX to Oin and Ow, &c., and also perpendicular 
to each other ; 01 is perpendicular to Ofi and Ov and the plane fi Ov. 

Analytically, Vi + A^2^i + ^^i = ^ ^^^ Vi + A*3^i + ^s^i = ^> 

(6) As in Art. 148, aaa + 5 (a/3' + a'B) + 0/3^8' = and 
aa! + I3ff + 77' = 0. The required equation is to be of the form 
Ax'+Boiy+ Oy*=0, which must reduce by transformation to xy=Oj 

:. ^a' + 5a/8+(7/3' = 0, and ^a" + ^'/S' + 03'^* = ; 

.\A:B: a=-/3/3' : a^'i-a'/S : -aa'. 

Now, since the bisectors are in the plane lx-^my-i'nz = Oy 

loL -{- ml3 -^ ny = 0, h' + mfi' + ny' = 0, 

.-. Paa' + Zw(ai8'+a'^) + 7w*/S/3' = nV = -w''(aa' + /8;3'); 

/. (m' + w')^-Z»ii?+(? + w*)(7=:0, and cA-^hB-i-aC^O-y 

:. A: B: G=^alm-'b(P-\^^) : a(m*+n*)-c(Z'+w') : -cZw+&(?n*4w*)- 

(7) The required equation being -4a3* + 5^* + (72*s=0, this must 
be transformed to xy' = 0, 

.•.^a' + 5)8' + 07' = 0, and Aal^ + Bff^+Cy'^^^ 
whence ^ (aV - «' V) = ^ (7'i8'* - 7 Wj whence, by Art. 146, 

Am (ay + a'7) = Bl (y& + 7'/?), 

as in prob. (6), I'aa! + m^jSfi' - w'77' = - Zm (aff + a'/S), &c., 

an^ aaa' + J/3/8' + C77' = 0, aa' + )8/8' + 77' = 0; 

.'. aa' : yS^' : 77' = 6 — c:c — a:a — J; 

.-.^m'{Z'(6-c)-7n'(c-a)+nXa-J)}=-BP{-Z'(J-c)-hwXc-a)+M'(a-J)}. 


xl 
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(8) Equating the coefficient of xy* to zero, as in Art. 148, 
aaa' + i^/8' + 077 + a' (/Sy + ^'7) + ^ (yod + 7'a) + c' (a/S' + a'fi) = 0, 

a' : ^' : 7' = my — «/3 : wa — Z7 : ZjS — wa, 
substitute for a, ^, 7', and the equation resulting is 

(en - 6'm) a'' +...-f {cm - i w -f (c - J) ?} ^87 +...= 0. . 
Similarly 

(en - 6'7w) a" +. . .+ {cm - J'n + (c - J) 7} iS'y +. . .= ; 
hence the bisectors lie in the given cone. 

(9) Let \, fij V and X', /m\ v* be the inclinations of the axes in 
the two cases, and if P be written for 

1 — cos'X - cos'/iA — cos*v + 2 cosX cos /a cos v^ 

the last term in the cubics of Art. 157, namely 

A« + Ah^ ^Bh^ ahclP= 0, and h' -f A'h' + B'h ~ a/37/P' = 0, 

will be equal, and, since P and P' are positive, abc and a/87 will 
have the same sign. 

(10) After transformation, let x^-^y^-i-^yz-^- zx^u become 
ax^ + fiy' + yz*^ the values of A, which make h(x''\'y^ + z')'-u 
the product of two linear factors, are the roots of 

(A-l)'A-^(A-l)-i(A-l) = 0, 

viz. 1, 1, and — J ; on transformation h (o^+t^-^ «'')— ow?*- ^^ — 7«** 
is still the product of two factors with the same values of A; 
.'. a = l, ^ = 1, 7 = -i- 

(11) Let\4', B\ (/', 2)' be the centres of gravity of the faces 
opposite to -4, Bj 0^ D\ the equation of ^' is J (5^ + r 4- «) = 0, and 
for apy plane, as in Art. 160, »'==i(?+^+^)» ^'=&c., the equation 
of the centre of gravity otA'BC'D' is i(jp'4-2'-H''+0=i(i^+2+^+^)j 
^.e. the centres of gravity coincide* 

(12) The equation of the centre of the sphere is 

Ap' + B^ + Cr' + Ds' = 0, see prob. XI. (7), 

or J^ (5^ + r + «)+...= referred to ABCD, which is the equation 
of the centre of gravity of the surface of ABCD^ see prob, Al. (6). 

XV. 

(1) Take the origin, and the fixed plane parallel to that of 
xy cutting Oz in (7, let OC=Cj and let ac be the given quantity, 

OQ: OP^cxz^aci 0F\ 

(2) Take the plane of osy that of the given circle, the origin at 
the centre, and the plane of i/z parallel to that of the variable circle, 

.« = a cos ^, 2^* + ;2f* = a' sin*^ its equations. 
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(3) Use figure, page 3. Draw MA perpendicular to OM meeting 
Ox in A^ locus of J[f is a circle diameter OA = a^ locus of P in , 
plane POM is a circle diameter OM, 

(4) Z, Tw, n direction-cosines of -4P; /. x==l.AP^ &c. 

(5) Take, the given point for origin. 

i. Let plane of yz be parallel to the given plane, x = a its 
equation ; that of locus will be a^-^y^ + z^ = e' (x — ay\ e<\ a 
prolate spheroid, 6 = 1 an elliptic paraboloid, e > 1 a hyperboloid of 
revolution of two sheets. 

ii. Let plane of zx contain the given line, and Ox be parallel 
to it at a distance a. The equation of the locus will be 

e < 1 an oblate spheroid, e = 1 a parabolic cylinder, e > 1 a hyper- 
boloid of revolution of one sheet. 

(6) Axes as in Art. 64. By the method of Art. 58, the equation 
is ai^-\'y^-\'{z-cy—(x cosa+y sina/ = 4:*+y''+(2i+c7-(,r cosa— y sin a)'*, 
or xy sin a cos a -f C2f = a hyperbolic paraboloid. 

(7) Take Ox for the fixed line, the origin being where the line 
and plane intersect, and let the plane xy contain the line and its 
projection on the plane, a!sina--^cosa = the equation of the 
plane ; that of the locus will be y^-\-z^ =^ (x sin a — y cos a)*. 

(8) Let the planes yx and zx contain the parabolas, latera recta 
2Z and 2?, the equation of the ellipse, the distance of whose plane 
from yz is a?, is y^flx + z^f I'x^l. 

(9) Let Xa, XJ, Xc be semi-axes of a degenerated hyperboloid, 
its equation is x'/a^ ± y^jV — z^jc^ = X*. 

{10) Let l.mn Ijn^n^, Ijn^ be the direction-cosines of the 
lines; Z,7a'' + m,V6» + w,Vc'=rj-^, &c., and l," + 1,' + 1,' = 1, &c.; 

(11) The form of the section by a plane, whose inclination to 
that of ooy is 6, is given hy y = r cos 0^ z = r sin ^, whence r* = 4a^, 
where Ja*^=cos'^/6+ sin'^^/c; for the extremity of the latus rectum, 
^ = a, y = 2a cos 6^, s = 2a sin 0. 

(12) Axes as in Art. 64. Places through the two lines have 
equations ^sina— ycosa+X(«/c— 1)=0 and a:sina4-ycosa-fX'(^:/c4-l)=0, 
g,nd the planes are at right angles, .*. sin'a — cos'a + XX'/c' = ; 

.-. x^ mx^a-y^ cos^a = XX' {z^lc^ - 1) = cos2'a (a' - c'). 
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XVI. 

(1) Equation of any sphere containing the circle is 

when y = the section Is an indefinitely small circle, 

whenaj = 0, (y-i)» + (^ + ^y'^ = .4« + r'-a' = i'-a». 

The magnitude of the circle In yz depends only on the radius 
of the sphere and the distance of its centre from yz^ which, from 
the construction, are h and a respectively. 

(2) Let Oz be the fixed line, and let OQ = aj the shortest dis- 
tance between the two lines, be in the plane xy^ a the angle between 
the lines, (^, y, z) a point F in the revolving line, PJ/ perpendicular 
to plane iry, 0M'== OQ'-i' QM^i /. a;*+/ = a* + «'tan*a. 

(3) Let a plane through the fixed point A, perpendicular to the 
line of intersection Oz of the given planes, cut the two planes in 
Oaj, Oy. The middle point of any of the lines cut off by the two 
planes projects orthogonally into that of the line through A cut off 
by 0^?, Oy. Let (f , i;) be the middle point of the projection of the 
line in the plane xy, (a, b) the point A. Its equation is a;/2 1+^/2^=1, 
and it passes through -4, /. a/f + J/i; = 2. 

(4) Take Oz the line to which the moving line is perpendicular, 
Oa perpendicular to Oz and the other given line, whose equations 
are aj = a, « = my, those of the moving line « = a, y = ^a? ; /. since 
they intersect a^mfia and ocz^may. When w=0, »=0, or aj=0, 
every line in plane xy through satisfies the conditions, and every 
line parallel to Oy through Oz meets the other line at infinity. 

(5) The given equations may be written J(^'+y')+(a- J)wV=0, 
and x=^mz^ and when the ellipse rotates-, neither z nor jj*+y* are 
altered. 

(6) As in Art. 175, the equation of the cone is 

(hx -fzy\df + hhflV = (^ - }i)\ 

where f^\{pf ~ J') = 1 + A*/ J* ; when it is circular a sphere, centre 
in the vertex, cuts it in two parallel planes. Changing the origin 
to the vertex, the equation, by the given relation between / and A, 
reduces to {x^ + j^' + z') d'W (cf - V} - {(a* - V) hx - hJzY = 0. 

(7) Let the plane to which the circles are parallel pass through 
a diameter of the fixed circle, take this diameter for Oy, the origin 
in the centre, the plane of xy bisecting the angle between the two 
planes ; the centre of the moving circle will move along either the 
axis of x or z^ and generate two corresponding cylinders* 
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(8) The equatioiis of the two cones are y'lV+z^^jc^-Qe-ayi a", 
and 4?*/a' + 2*/c* = (y -* ^)'/^* 5 the cones intersect where 

xla^ylb^rl^{a'-vV\ and «7c'= l-2r/V(a' + y)i 

(9) Let the equation of the plane be (a; — ae) / cos 5 = y / sin 5 = r , 
where it meets the given surface, 

(ae + rcose)V(a'-\') + (r'sin'5 + ««)/(c'-^') = lj 
the condition makes the coefficient of r* vanish, and the latus rectum 
=te 2ae cos (X' - c') / (a* — \'), since a* > X' > c*. 

(10) Take the axes as in Art. 64, the first line being in the 
moving plane, y cosa — ^ sina H- -4 (« — c) = Oy a plane thrpugh the 
other line is y cos a + a: sin a + -B (« + c) = ; if these planes be per- 
pendicular cos*a — sin*a + AB = 0, and their intersection is the 
projection of the given line, /. y* cos'a— a?' sin*a=(8in'a— cos*a)(2*- c*), 
a hyperboloid of one sheet, including circular cylinders when a = 
or ^TT. When the two lines are at right angles, J? = 0, and ^ + y = 
is a plane perpendicular to the moving plane in all positions. 

(11) If jP(?, PQ be perpendiculars from JF(/, .9, K) and P on 
the line xIA^^&Cj OP and OQ are constant while FP revolves 
aboot OdfQ. For the original position of FPy coordinates are 
f+lp &c., /. OP'=:a^+^-^z^ = (/+lpy+... and 

A(a!^/)-^...=^GQ^/(A' + B'+(^)^Alp + Bmp+Onp. 

(12) Let (f , 17, ^) be the point, r^, r„ r^ distances from the conic, 
Ijin^n^j l^m^n^j Ijfn^n^^ their direction-cosines. 

/. (af + hrf - 1) n^ - 2a?|Z,n^ - ^bt^r^m^n^ + (a?,* + hm^) J' = (>• 
Similarly for r, and Tg, .•. a|' + Ji;* - (a + 6) ?* = 1. 

(13) As in Art. 175, the equation of the cone is 

(xh "fzyia' + Qiy -gzyi^ = (2 - A)*, ' 

^^Zzh{fxla''\rgylh'-l)--% 
the two planes of intersection are 2 = and 

2h(fxla'-\-gylb'^l)--(fla'+g'IV-h'lc')z = 0, 
in the latter if is = 0, fxja^ -i gyjb^^l. 

(14) Let 2a be the vertical an^le of the cone, the equation of 
the plane through the origin perpendicular to the axis "Xx+fAy+vz^O ; 

then cos a = /^X + m^/ju + w^v = Z^X 4- m^p, + w,/ = Z^\ + m^p, + n^v. 

D 
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XVII. 

(1) See figure p. 92. If the figure represent a hyperboloid of 
revolution, and FTP' be a constant angle, the locus of T will be a 
circle ; Q^ Q lie on two circles whose planes are parallel to the locus 
of T. Let every line measured in a direction perpendicular to the 
principal plane RAA'E be diminished in a constant ratio, the 
eccentric angles of P and P' differ by a constant angle and the 
three planes remain parallel. 

(2) By Art. 209 a hyperboloid can be constructed of which 
three lines (-4), (J5), (C) are generators of the same system, a 
fourth line (2?) meets the hyperbloid in only two points P, Q^ and 
two generators through P and Q of the system opposite to that of 
(-4), (P), (C) intersect all four lines. 

(3) Let a be the eccentric angle of the point on the principal 
elliptic section through which a generator passes, whose equations 
are (« — acos«)/asina = (y — Jsina)/(- Jcosa) = ±«/c, Art. 213; 
if this line meet the sections by the planes of zx^ zy in the points at 
which ^, if! are the eccentric angles, 

sec^- cosa = sina tana = ± sina tan0, 

cot a cosa = sec0' — sina = T cosa tan^', 

.•. tan^ = ±tana = — cot^'. 

(4) Generators corresponding to an eccentric angle a will be at 
right angles, if a* sin*a + V co8*a = c*. 

(5) By the method of Art, 210, (Z, m, n) being the direction of 
a generator through (f, i;, ?) of the paraboloid y*/6* — «'/c' = 2aj/a, 
rrfjV = w*/c*, and mrilh^ — wf/c* = Z/a, 

whence I : m: n=^a(jj]lbT ^jc) : i : ± c, 

... i'-c* + a«(r?V*'-r/c') = 0or2af + J«-c' = 0. 

(6) Take the plane yz parallel to two of the lines and containing 
the third, and planes zx^ xy containing the first two. Let the 
equations be a; = a, 2; = ; ^ = J, y = 0; a? = 0, «=wy+c; and those 
of the generating line » = a (x— a), y=fi(a—b) ; :. aa- ?wi86+c=0; 
showing that the generator is parallel to the plane a^— ?w5y+ca;=0; 

(7) As in Art. 210, if (X, ^, v) be the direction of a generator, 
fiv-i-vX + X/M^O and vm^film-{-\(m — m'^) = 0, 

whence X(1±7w) = -/a = ± vm. 

(8) For a generator through (f , rj, ^) in direction (\, /a, v) 
/iAV + vX + X/iA = 0and(^+?)X + (?+f)/i + (| + i7)i' = 0; 

hence, if W &c., be the values of X for the two generators, 

and (f + ,7)(g + f) + (^ + ?)(^ + f) + (?+l)a+^) 
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(9) Take the three generators for coordinate axes, the cone's 
axis is equally inclined to the axes, and if 2o( be the vertical angle, 
cosa = Vi. 

(10) By Art. 214, ^j+0,=.5,+<^,, ^-<^,=^-<^4i ^»+<^.=^4+*4, 
and ^8 "~ ^8 = ^j " ^8 which give the result. 

(11) Let the equations of the generator be y / V« ± «/ V^ = ct and 
^ = 7^ + 8, since it intersects the two parabolas, a* ^ 7a V« — S = 
anda* + S = 0; .% 2a' — 7aV« = 0, and a; = y'/a- (a— y/V«)*' 

(12) For two generators which intersect, 
«/a=cos(a+i8)+sin(a+/8)«/c and a;/a=cos(a— )8)— sin(a— )8)5J/c, 

whence xja = cosa cosyS -f cosa sin/8 zjc^ 

and =7 sin a sin 13 -^eina cos 13 zfc^ 

,% cosl3xla^cosay similarly cos )8y/ J = sin a. 

Again, for two generators which do not intersect, 

{xia - cos(a± i8)}/sin(a ± )8) = {y/J - sin(a±)8)}/- cos(a±i8)=^/c^ 

let ^ {a;/a - cos (a + )8)} + 5 {^/J - sin (a + i8)} + 0«/c = 

be the equation of a plane containing one of the generators and 
parallel to the others, .% A sin (a ± ^8) — B cos(a ± /8) + 0= 0, 

whence -4/sina = 5/— cosa = C/— cos)8 ; 

and sina^/a-^cosay/6 — coSi8«/c-f sin)8 = 0, 

and sina a I a - cosayjb - cos)8 «/c — sin^S = 

are the equations of two planes each containing one generator and 

i)arallel to the other, and S is the difference of the perpendiculars 
rem the origin. 

XVIII. 

(1) The shortest distance between two, being perpendicular to 
footn, is parallel to the third, and therefore meets it at an infinite 
distance, hence it is a generating line. 

(2) The equations of the two planes are given by 

A(ylb^zlc) + B(l-'Xla) = 0), 

and B(t/jb ^zjc) + ^ (1 + xfa) = (2), 

the plianes on which the traces are made must be parallel to the axis 
of a?, for the positions -4 = 0^ jB= ; let y =7w^ be a plane on which 
the traces are made, the direction«cosines of its intersection with 
(1) and (2) are respectively as 

ABr^a (mb"'^ - c"') : w : 1, and BA'^a (mK^ + O : w : 1 ; 

,\ €? {ni^b'^^ — c*") + m* + 1 = gives the two positions of the fixed 
planes, independent of -4 : -B. 
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(3) Consider any hyperboloid of revolution x^-^-y*^ m*z* « a*, 
the tangent plane to the section by the plane of yz determines two 
generators Inclined at equal angles to the axis of «, If therefore a 
ray of light coinciding with one generator be reflected at the plane 
yz, the reflected ray will coincide with the other generator; the 
same will be true for reflection at any plane passing through Oz. 
If therefore two mirrors intersect In OZ^ a ray will after every 
reflection be a generator of a hyperboloid of revolution, whose axis 
is the intersection of the mirrors, and of which the incident ray Is a 
generator. 

(4) Since (Z, w, n) Is the direction of the line represented by 
any two of the equations, and we can deduce from them the equations 
Z*a+w*J+w*c=0 and Za^+?w&y+wc0=O, therefore, the conditions, 
Art.' 210, of being a generator through (a;, y, z) are satisfied. 

If Z, wi, n and Z^, m^, n^ be the two solutions of the equations 

aX' + J/a' + cv* = 0, and af\ + hgiL -f chv = 0, 

shew that \ ; mm^ : nn =^ be +/^ ! ca + ^* ; aJ + A*, hence that the 
other generator through any point (/, ^, A) in the first Is 

Z (x -/)l(bc +f)^ni(lfg)Kca-^g')^n(z- h)l(ai + A"). 

(5) 'For the generators a?/a±y/J = 2;?/\ (1), and xja+ylh^X/cj 
the direction-cosines are as a :±6 : \; let (Z, «i, n) be the direction 
of the perpendicular from the oriffin, /. Ia±mb-{-n\ = 0, and since 
it is In the plane (1), Z/a±7w/6=2w/X, /. (lla±mlb)(la±mh)-\-2n*=^0» 

(6) For a generator let 

xla^zlc = \(l'-ylb) and a?/a + «/c = X"*(l •\-ylb)j 
then the plane containing the origin and generator is 

(\ - X~*) x[a - 2ylb + (\ + X"*) 2!/c = 0, 
and the directiourcosines of the generator are as 

-a(X~V'):2J:c(\-fX"'). ' 
Let (Z, m, n) be the direction of the perpendicular, 
(\ - \-*) Z/a - 2w/6 + (\ + \-') w/c = 0, 
and - (X - X"^) al+ 2mb + (\ + X"*) no = 0. 
Find X + X"* and X - X"^ and take the difference of their squares. 

(7) Write the equation aaj'+%'+C2''=l, and \et\x+fiy+vz=0 
be the equation of one of the planes containing a generator through 
(/, ffy Ji) and intersecting the hyperboloid in points lying in the 
plane aa: + ^Sy = 1. For an infinite number of values x and y 

v^ {ax^ + by') + c (Xaj + fiy^ = v' (oo; + Py)% 

hence, equating to zero the coefficients of aj*, xy^ y, and eliminating 
(jt and /S, X V^ + /aV + vV = 0, also \/-\-fig + vk== 0, 
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.'. A'(XV*+M'i'"*) + c"* (X/+ My = % whence for the two dii^ection^ 

= a(l -a/«) : h{l-hf) i-2ahfg : V(-4a&e*0 

(8) Let (Zy 9n, n) be the direction of the perpendicular on a 
generator^ .-. to sin a — ml cos a ± wc = 0, and 

(Ir — a cosa)la sina = (wir — b sina)/(— b cosa) = wr/± c 

= (a* — 5') sin a cos a/ (a* sin'a + J* cos'a + c^ 

hence prove that 

I : m: n = a(&* + c*)cosa : 5(a' + c') sina : ±c(a' — 5*) sina cosa, 

.-. 1 : cos 2 d^aXb'+cJ cos'a + 5' (a« + cj sin'a + c* (a* - &0' sinV cos'^a 

: a\V+cJ C08»a+&'(a*+cy sin«a-c'(a«-&7sin'acos*a. 

(9) As in Art. 210, P/a -m^lb=^0 and 2^/a - 2«iy/ J = w, 

whence Z : w : n = J V« • i i V^ 'fH<^ ±5^/ V^j 

.% cos ^ V[{i (« + &) +/V« + .<7V*}' - 4/y /a&] = i (a - J) + A, 

and{J(a-&) + A}'tan^e = ia& + i(a+&)(/> + i7V*)-4(a-&)A. 

(10) As in Art. 210, 

mn-^-nl+lm^^O and Z(^ + A) + w(A+/) + n(/+5') = 0, 
.-. ZjZj : ^WjWtj : n^w, : Z^w, + ?,Wj : Z,»», — Z,wij 

=(A+/)(/+i7) : (f+9Xff+h) : (g+hXh+f) : -2A (/+5^) : V(8a0(/+^)r 
hence cos*^ ; sin'd : 1 = (r» - 6a»)' : 8a* (2r' - 4a0 : (r' + 2ay. 

(11) Shew as above that cos^ : sin5=a4- J+c-r* : 2 V(— a&c/^?*) 

andX'+(a + & + c-r*)X + a&c// = 0, 
hence cos''^ : sm'^ : 1 = {\+ X,)' : — ^W : (\ - X,)*. 

(12) Equations of the shortest distance of generators correspond- 
ing to eccentric angles a and a-\-doL being (x-'f)ll=^(7/''g)lm=^zln, 

Z sina — wi cosa + w = 0, and Z cosa + w sina = 0, 

so that Z : m : n = sina : — cosa : — 1, 

also, where the lines meet the generator (a),/— « sina=a cosa+« sina 
and (jr + « cosa = a sina — « cosa, .'. /cosa+g sina = a, and, by the 
generator (a + rfa), /sina— ^ cosa = 0, hence for the shortest dis- 
tance (pa I a — cosa)/sina = (j/ja — sina)/— cosa = — z/a, 

(13) If (as — f ) /Z = (y - r))/m — {z^^)/n^T be the equations 
of a generator through (^, 17, f ), 

a^ + Z>i/* + cj;"^ = 1 and af Z + J^wi + cl^n = 0, 

hence, for any point in either generator, a^x + brjy + cgs = 1, a plane 
containing both, which is perpendicular to a generator in direction 
(X, /i, y), so that aX' + &/a* + cv* = becomes a"!* + i'»;*+ c'f '=0 (1). 
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(14) From the symmetry the line of shortest distance passes 
through and is perpendicular to the axis of z ; take as its equations 
xfl^y/m^r^ z = h (1), and for those of the generators 

(a/ a — cosa)/sina = (y/b — sin a)/— cosa = z/c ; 

.\ Za sina — wJ cosa = (2), 

also Zr/a = cosa + sinaA/c, ?wr/& = sina — cosaA/o, 

.% ma (cosa + fiina A/c) — lb (sin a — cosa A/c) = 0, 

SMid by (2) ma(la + mb h/c) — lb (mb — la h/c} = 0, 

hyll}ay{a^^b^)-^{x^ + y')zab/c^O 

for one system of generators. 

(15) A plane through the eye and any generating line must 
intersect the hyperboloid in another straight line, since the section is 
of the second degree. 

Let (/, g, K) be the position of the eye E on the hyperboloid, 
(^9 Vj ^ point F at which the generating lines appear to be 
perpendicular, so that the planes containing them and the eye are 
at right angles, but a^x + bfjy + c{^ = 1 is a plane containing the 
generators through P, as in prob. 13 ; 

.". -ax^ + iy' + ca' — 1 + /3 (a/a + bgy + cA^?— 1) (afaj+ J»;y +c5«— 1) =0 
is the equation of a conicoid containing the four generators through 
£! and jP, which, since a/^+...=l and a|*+...=l, may be put in 
the form 
«(«-/)' + 2o/(4?-/)+...+ p {a/(a;-/)+..4 {af (4?-/)+...+or) 

where or = a^+ Jiy^ + cJ'A — 1. If this coincoid be two perpen- 
dicular planes through ^, 2 + pa* = 0, and the sum of the coefficients 
of {x — /)*, (y — gy and {z — A)* must vanish. 

(16) Take the axes and generators as in Art. 209 ; the angular 
points not on the hyperboloid are (a, J, c) and (— a, — J, ^ c), 
ayz + bzx + cxy + abc has values for either of these points, and for 
the centre, in the ratio 4 : 1, and this ratio is the same when the 
axes are transformed so that the equation becomes 

ix?/a'+yyW^z'/c'^l, /. l-aVa'-yV^' + ^Vc' '• 1:24: 1. 

XIX. 

(1) Two circular sections pass through the fixed point, and any 
sphere which passes through diher of these sections intersects the 
conicoid in another plane section. 
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(2) The circular sections of ax^-\- by*+c^=l which pass through 
(/, ffy K) have the equation {a — h) (x --fy = (J — c) (« — A)', and 
the sphere containing both has equation 

the centre is {-(«-&)//S, 0, {b- c)h[c]j and when the radii of 
the circular sections are equal, the centre of the sphere is equi- 
distant from the two planes of section, /./=(> or A=0. 

Geometrically^ the diameter of any circular section is a chord 
of the elliptic section in the plane of zx^ and two equal chords must 
intersect in one of the axes. 

(3) Let (7, my n) be the direction of a normal to the plane, 

or the area is constant^ Axt. 237. 

(4) Let (f, Tjj f ) be the centre of a plane section through 
(/, g, K) whose equation is l(x—f} + mQ/'-g) + n(z^K) = Oj 

•*• Kf -/)+•••= ^7 ^^y ^7 ^^' 234, af/i = Jiy/w = c(;/n; 
/. af (f — /) + 6i;(i;— 5r) + c?(f— A) = gives tne locus. 

. (5) In the change the circles move in their own planes, the 
centre of the circle, whose distance from ayisz and radius =(<V-fo'')*, 
moves to a point (fo/w, mzjuj z). 

(6) Take y^lh-\-z*jc = 2x for the paraboloid, J>c, and let G 
be the constant product of the radii -a, E of the cyclic sections 
through the point (f, 0, ^), whose diameters are chords of the 
parabola «*= 2cx ; for these chords a? = ± W2 + a, where cm*= & — c j 
and if z^ z^ be the roots of «'= 2c (mz + a), (^j— zy = 4«nV + 4.2cay 
and 4^' = (1 + m^) {z^ - «.)', hence 5» = c (6 - c + 2f - 2«i?), and 
5'« = c(6-c + 2f + 20; /. C7c* = (J-c + 2f)'-4«i*f», whose 
asymptotes are parallel to ^ = ± m^. 

7) Let /8=0 be the equation of the sphere, 8—kU = that 
le paraboloid (or hyperboloid) of revolution, touched by the 
sphere along the plane X = ; P is a point in the section by the 
tangent plane to the sphere at E^ PN^ PM perpendiculars to the 
plane L = and its intersection MD with the tangent plane. PH 
IS a tangent to the sphere and PH^cc SccL^cc PN^cx PM**, :. H 
is the focus and MD the directrix. 

Geometrically y for a hyperboloid of one sheet including the 
paraboloid. Let P be a point in the section, Sy H the points of 
contact with the two spheres, QPR a generating line through P 
meeting the two circles of contact with the hyperboloid in Q and B ; 
QPR is constant for all positions of P, but by equality of tangents 
from a point to a sphere, /S'P=P^, jHP=PjS, SP-\-PH^QB. 
Given by Dallas, King's College. 
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(8) Let a, w — a be the inclinations to the plane oi xy oi the 
cyclic planes x* Oy^ z* Oy of the ellipsoid ax^ + by^ + c«' = 1 (1) ; for 
transforming we have x=±(x'^ z') cos a, « = (aj' + «') sin a, 

.*. (a cos*a + c sin'a) (aj" + «'*) + h/^ + 2aj'a' (c sin*a — a co8*a) = 1, 

but 8in*a : cos'a :la=5 — a:c-&:c — a, 

.-. (c-^a)}) (a?" + y' + a") + {& (c + a) - 2ac} 2x'z* ^c-^a. 

If a = j7r, 2J^a + c; write ViC*'-^') ai^d Vi(«' + ^<^' 
a; and ;5 in (1). \ 

(9) The projections on the plane xy will be parabolic. 
For the first surface, najy — (a? + y) (£d + wy — jp) = na' ; 

For the second, (hc + myy-\-2n{x'\-y)(Jx-\-my)-\^r?(x-yy=^0 
has equal roots ; .*. (Z + n)' (w + n)* — {Zm + (Z + w) n — n*f =* 0. 

(1) Eliminating y, we have i^J^cf-V^xIa ± ^/(b'''~(f)zle= sf(c^^\ 
these are the equations of two planes which meet the ellipsoid where 
flb^ + W(b'--(f)xfa^^(a^-^V)zlcY=^0^ that is, in two indefi- 
nitely small circles. 

(2) For a cyclic section, V(«'-c*)y — V(«' + c^^=*a> atid if 
(I) Vj ^^ ^^^ centre, (X, /t*, v) the direction of any 'radius r, as 
in Art. 234, /i* V(«' - c') - v VC^^' + c') = 0, /ii7-vf=a, |;=0, and 
•; V(a'- oO - ? V(«' + cO = a, .-. 17/ V(a'- c*) = ?/V(a»+cO-a/-2c', 
also {XVa''+ (a*'- vO/c^} r' = 1 - (1;''- ?«)//, whence /= a' + ^«+ ?», 
the equation of the corresponding sphere is aj*+y*+»*— 297^—2 §5=a*, 
and the radical plane of the spheres is y V(«*— c') + Zf^(a'+c^} = 0. 

(3) Let the equation of two cyclic planes be 

that of the sphere containing the two circular sections is 
V(x'ld'+y'IV-\- zy^ 1)4 {V(a'-50^/«--} {V(«*- J0^/«+-)=O, 
or x'^y'-^z''+{a-\-ai) ^/(a'-b')xla^ici'a') V(i-cO«/o-J'+aa'=0, 
coordinates of the centre are 

? = - i (a + a') V(a' - h')la, ?= - (a - a') V(i' - c')[e, 
and w'^i" = f + f ' + J* - {i'ay(a' ^V)^ ?V/(&' - c*)}. 

(4) Using the equation of Art. 250, the coordinates of the centre 
are - i (* + *') V(a - J)/5, and - ^ (& - *') V(& - c)/& ; and, if the 
centre is on the plane 

V(a-&)aj-V(&-c);5-A = 0, (a4-c)A + (a-c)A;' = 0, 

the line of intersection of the cyclic planes is 

a isj(a '-b)x'-c »J(b — c)z=iO. 

If the centre of the sphere lie on the second plane the line of inter* 
section will be a V(« -b)x + o *^(b - c) « = 0. 
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(5) By Art. 237, the square of the difference IS 

[P (* + c) + m' (c + a) + w* (a + J)}* - 4 (PJc + 7?4*ca + n'ah)% 
•which, by elimiDatlng w", can be reduced to 

and if be the Inclination to a cyclic plane, 

(c — a) e\n*6 T^c — a^ll \/(i — a) ± w \/(c - J)}*. 

(6) Let « \/(c - J) + .a? V(^ — a) = be the cyclic plane common 
to the conicoid and the paraboloids ; z sj(c — 6) — a? i\/(b — a) = a the 
other cyclic plane common to the paraboloid whose vertex is 
(f, 0, f ) and the conicoid. Since there Is no term in x^ in this 
paraboloid, its equation is 

(J - a) (aaj' + 63^'' + C2j' - 1) 

+ a {« V(c - J) + a; s/(b - a)] {z ^J(c - J) - a; is/(b - a) - a} = 0, 
or &(J-a)y'* + &(c — a)a;'- aa {2; V(c-"i)H-^ V(&-a)}-(5-o) = 0, 
comparing this with the other form of the equation 

J(J-a)/ + J(c-«)(;3-.0'~^J(&--«)(^-|) = 0, 
2 J (c-a) f = aa V(c-&), ?5 V(*-«) =* ««? * (c-a) r+?^C&-^l=-(*-«)) 
whence both results may be derived. 

(7) Since c — J = J — a, the circular sections are aj±« = 0, and, 
by Art. 59, the corresponding cylinders are 

J-' = a;' + Jf'4 2'-i(a;±2!)', or 4 = (a + c) {(a;?«)' + 2/}, 

and for the plane sections 

4 {aa? + cz^) = (a + c) (a? T «)' or (a? + «) {(3a — c) .r ± (3c - a) a] = 0. 

The area of the second section is 7r(r'Jc+7i*a&)"*, Art. 237, t\rhere 

?: 7i': 1 : ?ic + «*a& = (3a-c)': (3c- a^: 8{2(a'+c'^)-.36'} : hia-^^cy. 

(8) Take (A,, /*, v) for the direction of any radius vector r of 
the section, so that a/AV+&v\+cX/-t + aJc/r*=0, and Z\+7Wft+wi'=0 ; 
eliminate v, and, for the reason given in Art. 237, make the roots 
of the quadratic in X. : /^ equal. 

# 

(9) If (\, fi, v) be the direction and r the length of a semi-axis 
of the section by a plane Ix + my -f w^ = 0, by (4) of Art. 237, 

Z/X : mjji : nlv = ar* — 1 : Jr' — 1 : cr*— 1 ; 

/. (b — c) Z/X + (c - a)mlfi + (a — b) njv — ; 

also, la + w/3 + W7 = 0, and IX + m/it + «v = 0, * 

.". Z : m : w = /Si/ - 7/Lt : 7X — av : aft — ^X ; 

and, for any point in the cone, xjX^yjfi^^zjv. 

(10) Let alX=^ylfi = zlv = r be the equation of a line In the 
plane, where it meets the surface, 

(aX'+...+ 2a>i/+...)r'+^r-h5=0; 

E 
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and when r is infinite the directions are given by the equations 

aX*+...+ 2a'/Av4-...= 0, and ZA. 4- w/a4-wv = 0; (1) 
as in Art. 26, eliminate v, and the resulting quadratic gives - 
Xj\, : /ij/[*, = cm* — ^dmn + hr? : aw* — 2i'«Z + c/*, 

whence the condition for the rectangular hyperbola. 

For the parabola the directions are coincident and the roots 
of the quadratic are equal. 

With the given relations the equation of the surface becomes 

dh'c {x\a' + y\y H- z\cy ^-^d'x +...+ rf= 0, 

and the directions are coincident far all values of ?, m^ and «, the 
surface being a parabolic cylinder. 

' (11) The area of the section by a plane Ix •\- my + nz ^ is 
irabcjisrj where 'ur'^^Td -\-m^b'^ -{-n^c^ also /.z?' -f ?«?/ + W2i' = 0, and 
-BDTj, -arj the maximum and minimum values of vr are the roots of 

which, by Art. 237, (3) proves the first part. 

Also, <t!r,* = (J-'cV^+...)/(a" + y'-f ^'Oj if (^\ y\ «') He on 
the ellipsoid and the sphere a;* + y* + «* = cT*, dfs^^ = ahc. 

(12) For the central sections 

a;*+^*+i5*-»'*— r''(av«+i«x4 cxy- 1) E (Zjc + ?w^ + Wi2j)(^Z"^+y»i"^+ 2;w"^) ; 

.*. mrC^ + wm'* = — r*a, &c. (1), 
- /aic = (iwTiT* + nm~') (wr* + Zw~*) (/wi"* + wi/"') 
= mhi^ + w*w-' + n*r* + P«-' + /*7n"* + m'V-\- 2 = r* (a' + J» + c') - 6 -f 2.^ 

Also, by (1), (w2* + r^) }\a = - Zwnr' =... . 

(13) Let (^, 17, %) be the focus, a; = f , (y - t?)///, - («; - f )/v = r 
equations of the latus rectum of the parabolic section ; at the ends 
of the latus rectum i (^ + /^r)* + c (fH- vr)* = 2|, and the caefficient 
of r vanishes, /. 6i7/x+cfv=0; if (|', 17, §*) be the vertex Ji7''-fcf*=2f', 
and the semi-latus rectum = r.= 2 (f — f ') = (J/a'' + ci^*) r* ; 

.-. (V + cv*) (2f - hif - cD = /*' + V*. 

XXI. 

(1) Since they are tanjifent planes to the enveloping cone, their 
intersections with a plane are tangents to the conic section. 

(2) The tangent plane at (f, 17, f) is ^f/a' + OT/J' + «?/c* = l, 
and when ^ = 0, f /a* : f /c* = c \/(6* — c*) : ± a \/(» - ^') J 

/. c V(a' - i') f ^ a V(6' - c'O ?= 0. 

(3) A tangent plane to a^* + ...= 1 is 7a; 4-w2y+w« = V(P/a +...)» 
and if (f , '»7, f ) be the centre of the section made by this plane, 

{l^+mr]-^n^y^=rja + m^l^+n'^lyy and Z: ?w : n=Gf :ii;:c{', .*. &c. 
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» 

(4) l(x'-'f)-\-m(jf''g) + n(2-K)^0 is the equation of any 
plane passing through a point P (/, g^ h) on the conicoid 
aa;* + i/-+C2;*=l; take a point Q(f+f\ ff + g, h-^h') in the 
conicoid near to P, ^ilf perpendicular to the plane =lf'+mg' + nh\ 
and a//' + bgg' + chh'=^--^(af'-+bgych")', .\Ul:m:n^af:bg:ck^ 
QM will be of the second degree in the small quantities /', g\ h\ 
and is less than for any other plane through P. 

(5) If Ix + my + 712? = be a tangent plane to the cone, 

.% ? (A + c) + m* (c + a) + w' (a + i) = 0, Art. 257 ; 

and if (X, /a, v) be the direction of an asymptote of the section 
of the surface, a>^ + hfi* + cv' = and l\ + tw/a + wi' = ; shew that 

(6) Let (\, fiyv) be the direction of the axis of the cylinder, 
the equation of the plajie ot* the curve of contact iS" dKx-^-hfiy+cvz^Oy 
see Arts. 262 and 267 ; shew by Art. 237 that 

a'X'bc + i Vo« + c\'ab = ac (a'\' + bY + cV), 

and thence that the two planes are a (b — a) a' = c (c — &) «*. 

(7) The line y = l3(x'- a), z — y(a!-\-a) touches the sphere 
oc' + y" -{■ z^ =: c\ eliminate y and z and make the roots of the 
quadratic in x equal, (1 +/3*'H- 7") {(/3' + 7')«'-c'} =a*(/3'-77, 
the equation of the locus is 

{/ (x + ay -\-z'(x- ay] {a^ ^ c') 4 ^a'y'z^ = c' (x^ - a7, 

when c^a^ x^ ± 2y? = a', or transformed a;' ± y* T «' = a', 

(8) Let (/, g, h) be the point P, 2? tl^e perpendicular from the 
centre ou the tangent, x^ja/ +...= 1 the ellipsoid, 

and if ^ = 0, r = — P(?,, .*, p . PG^^ = a*, and PG^j varies as the area 
given, which is irabclp^ 

(9) The shadow is the section by the plane «=-*o of the 
cylindrical envelope 

{\'ld'-\-fi.'lb'^y'lc') (x'ja^flb'+z'lc'^ 1) = (Xx/a'+fiylV+vzlcy, 

the direction of whose axis is (\, /t*, 1/) ; 

is the equation of a circle, /. \/a = 0, let X = 0, and equate the 
coefficients of x* and y'j shew that v^/ft'* = ^'/(a'' — i'). 

(10) For the point whose lopus is required 

«' (^ -/)//= b'(if-g)lg = c' (a - A)/A = -i,r = - m' ; 
.-. (a* — m")/— a*x and /*/«*+...= 1. 

If m = 5, V = 0, and the locus is the limit of a very flat ellipsoid 
bounded by the ellipse, a'x'IQi' r- J')' + cV/(6' -oj = 1. 
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(11) Let Ix + mt/ 4 w;5 = p be the equation of the plane, 
,'. Ix^ + my^-^nis^^p^ Ix^-^-.^.^p and Zit'^+.-^i^; 

/., by (3), Art, 276, l=ap(x^-^x^-^x^, &c. Also, by (2), Art. 276, 
Ix^ + my^^-nz^^p^ and Pla-{-m*lb + n'lG = ip\ 

(12) The centre of gravity of the triangle is that of tjiree equal 
masses placed at the extremities of ^he diameters, an4 

Also, for the second locus, ax^x-^ by^y + cz^z^l^ ax^x+...^lj 
.a^,«+...« 1, sqpare and add and use (3), Art. 276, 

(13) The product of the perpendicula,rs from (a?p y^y z^y and 
(— a?j, - y^y — «j) upon the tangent plane at (/, ff^f^j 

and by (3), Art. 276, the sum required =^(3 -af*'-bg^-ck')^2p\ 

(14) By Art. 258, for the two asymptotes through (f , 17, f ), 
a\* + J/a' + cv' = and af X -f- Ji;/a + c?v = 0, and the condition of 
perpendicularity give^ the equation of the cone. 

(15) For any point in the normal at (^', y\ «'), 
a'(a^/a''-l) = &'(y/y-0=c-(^/«-0=/>> and a'(//ar'-l)=...= (r; 
.'. ^/^'=p/a'+l andy/aj'=o-/a*4-l, and ^/(aj— /) = ((j-a')/(p-o-). 

(16) As in Art, 272, if (f , «/, f ) be the middle point of a chord 
i|i direction (\, /a, v) of the conicoid ax^ + by^ + Cf?' = J, 

aXf + &/A1; + cvS'= 0, (1) 

and at its ends a; = ^ ± Ar, &c. ; at the intersection of the normals 
{ap + !)(! + \r) = (a/)' + 1) (f - Xr), Art. 270 ; 

/. af (p - p)l\ + r {a (/i + /o') + 2} = 0, &c., 
and, multiplying the three equations by i - c, c — a, a — J, and 
fidding, (b-c)a^l\ + (c''a)br)lfi'\'(a-b)c^lv=^Oy this and (1) 
are the equations of the locus. 

X^II, 

(1) Let Ix + my -^nz = be a tangent plane to the cone, where 
Pja + m^jb + w*/c = (j) ; then at the foot of the perpendicular, 

(x — a)/ /=...= — ?a — «?;8 — w7= {x(x — a) +...J/0, 

.-. (aj-a)'-f-a(a;- a)+...= and, by (1), (:c-a)7a+...= 0. 

Let this curve be plane, and let (y -^ffy be eliminated, 

ix^ay(bla^\) + a^yy(blc-l) = a(x-^a) + l3.(y^l3)^ry(z-y') 

mil give two planes, when ^8 = 0, a*/(i/a— 1) = 7'(1 — J/c); if 
^x - a)' or (« — 7)' were eliminated the planes would be imaginary. 
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(2) Let a.'c*+..,= l and =n' be the two ellipsoids; where the 
enveloping cone, vertex (y, g^ h) intersects the exterior 

(n^ - 1)" = {afx + hgy + chz - l)', Art. 265, 

/. afx-k-bgy-\-chz — v? or — (w*-t2), the last will be a tangent plane to 
an ellipsoid aV+.,.= l at apoint (f'yg\h')^ if ^/= (2 — n*) a/', &c., 

aad n* = (2 - nj (ay I a +...) = n* (a'/" +...), 

.-. a'la = b'lb = c'lc = n'l(2^ny. 

(3) Let (I, W2, n) be the direction of the chord joining points 
wliose coordinates arey, g^ kj and/ + 7r, g-\-mr^ h-k-nr respectively, 
and let </>, <f> be the angles made with the normals at its extremities, 
p^ p' the perpendiculars on the tangent planes from the centre. By 
Art. 269, afp^ bgp, chp, are the di recti on-cosines of the normal at 
C/j Si ^) 5 •*• ^^^^Ip = ^^/+ ^^^ + ^^^? similarly 

cos0'/y = ^ (/+ ^^) -^ f^^i {9 + ^0 + wc (A + wr), 
ftlso (/"a H- w^'i + n'c) r + 2 (fe/H- wi^ + nch) = ; 

,\,cos4>Ip = — cos07p* 

(4) By Art. 271, the feet of the six normals He in the two planes 
ir/a +.•.= ! and aj/aZ4-...= — 1, and al = a, — a/^=a', &c, 

(5) By Art, 270, if/, g, h be coordinates of Q^ x^^ y^ z^ those 
of P^, and (X., /A, v) the direction o( OQ^ 

ON,=\x,-\-fiyr'hyZrj OPr' ''OQ.ON=x,(x-f)'\-...^p,, Art. 270, 

and by the sextic equation 2 (jp^ = 2 (a* + 6* + c*). 

(6) Let the chord be normal at (/, g^ A), the other extremity 
being (/+Xn, g + firij A + vn), where X=^ — afp^ &c., and this is 
on the surface. .•, n (a\' + J/a* + cv*) + 2 (aX/4- A/x.^ 4- cvA) = ; 

multiply the last three by — (a + 6 + c), bc-k-ca + aby and — aic, 
respectively, and add, 

' (7) As in Art. 276, a:,* + ^j,' + x^ = a*, 3^,* +. . .= i^ z^^., .= c*. 

and, for any point in the corresponding conjugate diameter, 

a^M=y/yi = «M; /. (2a'- 6'- cO^V «'+•••= 0. (1) 

, By (2), Art, 276, xx^ja* ^yy^jb^ + zz^/c^ = is a plane through 

(^u Vii ^1) ^^^ (^2' y%^ ^2)? which touches x^jo.-\-..,=^Oy if 

a^87«* + ^Vzl^" + 7^/^* = 0) •••» by (1), a = a* (2a' - 6* - c'), &c. 

(8) Three perpendicular tangent planes to the two conicoids are 

\x-Vm^y + n^z=^isJ(l^a-\-m^b-\-n^c) or - (m^'b + n^c) J 2l^, 

tjff "T'..«^... , anci Ijx t"...''^... • 

Square and add for the first locus. 

Multiply by 2/j, 2?„ 2Z, and add for the second. 
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^ r 

(9) Transforming to the three tangents through (f, 17, f) as 
axes, a; = I + Za;'-f I'y -{-Tzj y = n-\- &c., in the transformed equation 
let y =0 and z'^0, (f + Za;')7a + (iy + 7wa;7/6 + (f+ wa?')7c== 1, 
has equal roots, 

.\iei<^ + v'lb + ^'lc^l)(ria-^7n'/b+n'lc)=^(lila-{-mvlb+nilcy, 

adding to the corresponding equations 

(10) By (1) and (2), Art. 210, the condition of perpendicularity 
of the generators through (y, g^ K) is (J + c) 0^** -f ...= 0, (1) 

(/' -/)/^/= C9'-.^)A^ = (A' -A)/cA,and-a(/'^ -/•)+'•.= 0; 

and (f'^f)laf 2(ay'+...)/(ay*+,.0 = -2/(a+6+c) by (1). 

(11) By iv., Art, 268, if (Z, w, n) be the direction of a generating 
line {bg^'^ch^-'2f)(bm' + cn*) = (bgm-}'chn'-iy, and writing for 
I, w, n their values for three perpendicular generators, and adding 
(V + ch]" 2/) (6 + c) = by+c'h'+ 1 or ic/+ 6cA' = 2/(6 + c) + 1 , (1) 
which gives the locus of the vertex (/, g^ h). The equation of the 
polar plane of the vertex is bgy + chs^ = gc +/, (2). The tangent 
plane at (/',/, A') to jy+cV = 2a7+a is b'gy + ch'9=^a;+f''haj 
which coincides with (2) if b'g' = bg^ dh! = cA, and /' + a =/; also 
iy* + c'A"* = 2/' + a, or bYJb' + c'h'lc' = 2f^aj which is the same 
as (1) if cbib = bcjc = b + c='-'Ct^y .% the polar plane touches the 
paraboloid (b -f c) (by^fcA- c^^jb) = 2^ - (6 -f o)~\ 

(12) For the normal at (/,;yi A), x=f'\-af<T^ for that at (f , 17, f ), 
or = f + af/>, if these intersedt, f -*/= «/*<?• — «f/>, &c, ; 

... Jc{(7(r-A)-A(i7-(7)}(?-/)+--=0. 

(13) For the two tangent planes, 

lx'k-my-\'nz = 0, and Va + we'J 4- w'c = 0, Art. 257, 
the equation of the cone is the condition of perpendicularity. 

(14) Let ^ be the semi-diameter in direction (X., /i, v), so that 
«V + 6/A* + cv* = ^- , (\r, /*r, vr) and (\r, fir\ vr') the vertices of 
the cone, /. writing these for (/, ^, A) in the envelope, Art. 265, 
the cones intersect in the parallel planes 

{(a\iC+...)r-l}V(r*-.B0±{(«^-*'-)^'-lW(»-*--B') = O, 
if ^j, p^ be the perpendiculars from the centre, shew that 

p,^, = (a'v + jy + cV)-«ii:^* =/. 

XXIII. 

(1) For the normal at (^, y, z) passing through (/, g^ A), 
(x- f) / ax ^ (jf --g) /by == (z-'K) / cz ^a'^ suppose, then substituting 
in asi? + Jy' -f c«' = 0, since a; (o* — a) = 0/, &c., (1) 
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af{^-V)\<r-cy+. . .=(ar+J/+feA'')(.r-a,)(<r-tr,)(«r-<r J(<r-<r J, (2) 

cr„ o-j, 0*3, a^ being the values of a for A^ J5, C, D. 
Let the equation of plane ABC be a.2r + y8y + 7« = 1, 

/. ot/<7^/(<7j— a)+...=l, a/ir,/(cr,-a)+...=l, and a/<73/(<73-a)4...=l, 

subtracting, 

(ifa/((j^ — a) (<r, — a) +.•.= 0, and afa/{<r^ - a) (o-g — a) +...= 0, (3) 

and, by (2), (q/'+...)(<^.--«)K-«)K--«)(<^-«)=«/'(«-^y(«--<')S 

.-. a/a/((r^-a)(<7,-a)(cr3-a)Qca(&-c)V4~«)//^ (Oj 

let a', ^', 7 be written for this and similar expressions ; 

.\, by (3), a (or3-a) + /3'((73-i) + 7 (^8-^) = ^ and a' (o-j- «)+... =0, 

/. a+/3'+7'=0, aa+/3'5+7'c=0, and a7(J-c)=/e7(c-a)=77(a-&), 

hence a?^/a (J — c) = y^/^ (c - a) = zj^f (^ — i) ; 

/. a(J-c)'a' + J(c-ay/3'' + c(a--&)'7' = 0. 

(2) If the generators through P be t7=0, ?i?=0, and v'=0, t(j'=0, 
the equations of B and .4 will be of the form W + ww* = and 
vv' -^-ww' + u^ = 0', also, for the conic S^ v = and t£?i/?' + w* = 0, 
hence the generators meet the conic each in two coincident points. 

(3) By Art. 231, all parabolic sections are parallel to tangent 
planes of the conical asymptote, which shews that P/a+...= 0, 
Art. 257, and the lines of contact with the cone determine the two 
coincident directions in which the parabolas pass oiF to infinity ; so 
that if (\, fjb, v) be the direction of the axis a\/l==bfjb/m:=cv/nj (1). 
Let (f , rf, ^) be the vertex of the parabolic section by the given 

Elane, (x\ /a', v') the direction of the chords bisected at right angles 
y the axis ; /. a|X' + brjfji' + c^v = 0, and W + fifi' + vv = 0, or, by 
(1), lxya'\- mfi'/b + nv /c^Oj a,ho l\' -i-mfi' + nv =^0j whence, by 
eliminating ZX', m/n', andTwv', (i~^ — c"^)af/Z-h-..*=0. 

(4) Using the method of Art. 271, the six feet of the normals 
from (f , ^, ?) lie on two planes ^/a + y/i + «/c±l = 0, if their 
coordinates satisfy the equation 

that is, if f, 17, f can be chosen so that ayZ'^bzx'\-cxyEOj but 
since U= 0, F= 0, and W= 0, substituting for yz^ zxy and xy^ we 
obtain {c2:/(c' - a') - bvl(a' - b')} or +...E ; 

.% a^ {V - c'O = brj (c' - a') = c^(a' - V). 

(5) The feet of the normals through (^, ^7, f) lie in the three 
cylinders, (b-c)yz=br}z-c^y^ zx=(^-c)z-tc^^ and xy=((''b)y+bi]y (1) 
they also lie in two planes, one of which is px + qy :}- rz =^ 1 'y also 

{px + qy-i rZ" 1) (y [bq -\- z j cr — 2 jp) - y^ jb — z^ I c '\- 2x 

E(qlcr-^rlbq)yz-j-pzxlcr+pxylbq-2qlpy—2rlpz-\'2lp=^0 
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is true for all the feet, if (|, 17, f ) be taken so as to satisfy Identl-^ 
eally the equation By :\- Cz •}- 1) = 0, obtained by substituting for 
yzj za, xy their values from (I). 5=0, (7=0, i> = with the 
given relation are equivalent to two equations in f , 17, f. 

(6) The equation of the enveloping cone is 

(fya*^g'/b'+hy<^-lX^ya'+yyV'+zyd'-l)^(fa/a'+gy/b\hz/c'-iy; 
if z - 0, (f'/f+...- 1) (ct'/a'+y'/b'- 1) = (f^/a'+gy/b'- 1)'. (1) 

The equation of lines parallel to the asymptotes is 

(gyb' + h*/c' - 1) xya' - 2fgxy/a'b' + (/'/«' + A'/c* - 1) y'/b" = 0, 

which are at right angles if /' +/ + (a' + J') (A'/c* - 1) = 0. (2) 
If (f , tj) be the centre of the curve (1), 

(/'/«'+...- 1) l=/(/f/a' + fl'??/i'- 1), &c., 

^_v_ f^/a'+gv/b'-l _/^ /a'+gv /b' _ _l . 

/ ff /V«" + if/b' + h-fc' - 1 - /7a« + g'jF - Ay c' - 1 ' 
••■, by (2), V(r + V') V(/ ' + /) = «' + i'. 

(7) Let (f , 17, f) be a point in the line, and 

Xa + fiy-^ vz = sl(\^la -\-fjL*lb + v^jc) 
one of the tangent planes; /. Z\+rwA''+wv = 0, eliminate v and shew 
that XjXj : fi^fjb^ : v^v^^ = (nr] — Twf)' — «'/^ "" ^'/^^ • &^* 

(8) For the tangent plane Xa; + /lAy H- v« = — (bfi^ + ci'*) / 2\, 
Art. 268; as in (7), 

(9) M in (5), (lx-^my-\-nz)(ylmb-\-zlnc-'2ir)-'y'fb-zyc+2a=0j 
also, by the property of the tangent plane to the cone, 

i(i-c)P + Jm''-cn'* = 0, 

eliminate Z, iw, w from the equations corresponding to B = 0, (7=0, 
i> = 0. 

r 

(10) Referring to the generators through as axes of a; and y, 
the equation is xy + (ax -^ by -\- cz -i- d) z = 0, and the tangent plane 
at F is (y'\-az)^']-(x + bz)r)-}-(ax + by-^cz-^d)^+dz = 0. At 
i>, if on Oxy (j/-\-az)^=-dz'j at jE, (^+62) 97 + <i'5J = 0, ^tj is constant, 
/. (2^ -f az) {x + 6;5) QC z* =pz^ ; if (x^^ y^^ z^ be the centre of the hyper- 
boloid, y^-f a2?Q=0, ^Q+&i2J^=0, and a^g+6yQ+c;5^+e;?=0, shew that the 
polar of this centre with respect to this cone is the plane of xy. 

(11) Let (^Q, 0, z^ be the umbilic ?7, 6 the inclination of the 
tangent plane to the plane xy^ and let f , tj be coordinates, in the 
tangent plane, of any point of the section referred to U as origin. 
Then x = oJq -f I cos ^, « = «q — f sin ^. 

Since ax^ + cz^ = 1, and tan 0=^ x^ts/afz^ \fc^ 

aa?' + c;5' = 1 + f (a cos'^ + c sin'^d) = 1 -f 6f ; 
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therefore the equation of the section of the enveloping cone is 

h (af' + bg^ + ch' - 1) (f + v') =-(A + B^ + hgv)\ 
where A-^-B^ + bgrf^^O is the line in which the plane of contact 
is cut by the tangent plane, and is the directrix of the section. 

(12) Let (Oy /8, 7) be the vertex, ^.v/ J' + ryzjc* = 1 is the plane 
of contact, intersecting the ellipsoid in the planie of yz, where 

(0'lb' + y/c^)/ ^ 2(iif + i^ (1 - 7Vc') = 0, 

of which y^, y^ are roots ; at the centre of the section < 

i'o=i(k+^J=^/(/3V*'+7'/<='); 

and if a', b' be the semiaxes of the section, shew that 

- JV (0'jb' 4 y'lc' - 1) (/376* + ^'lc*)l(&'lb' + y'jcy, 
and a'^fa' = 1 - y;/6'^ - ^//c" = 1 - (/8V J' + y'jcT ; 

which is constant, since (1 4 Ai') / (a'* — c') = (1 — kc^) / (a* — &*), 
«*e. the directrices are at a constant distance from the plane zy^ 


XXIV. 

(1) Take the three confocals a?''/^ 4...=1, .»'/(« 4 k) 4...=1 and 
jr'/(« + k') 4*..= 1 ; use the form of the tangent plane, 

lx'\^my-^nz = \/(?« + '^^b 4 w'c), 
and shew that ^' 4y' 4 «* = a 4 6 4 c 4 A 4 A:', 

(^2) In XXI (15) the coefficients i'- c' &c. are the same for all 
the confocals* 

(3) Take (/, g, K) the given point, then a^, a'"*, a"" are the 
three roots of /7p^ 4 //(p' - /S^ 4 h^l{p' - 7') = 1, so that 

a!'' 4 a"' 4 a "' =/» 4 ^'^ 4 A'^ 4 yS'' 4 7'. 
Add the three equations similar to ({/'4 w?^ 4 wA)"* = o^—m^^^ - w'7'. 

(4) Lei 7wy4w2; = l, ^ = be the fixed lihe in yz^ and let 
^'/(a4/:)4...= 1 be one of the confocals; a tangent plane at 
(?) Vj meets the plane oiyz in the line riylQ) 4 4) 4 ?^/(c 4 /^) = 1 ; 
.-. 17 = 771 (J 4 ^) and f=t2(c4-^), and for all , the confocals 
71 jm — §*/« = 6 — c. If /ic 4 my 4 w2? = be the plane of the second 
part, the three plane loci intersect in the line 

(5) The foot of the normal at {fygy h) is (a- c)//«, (b-cyglb^ 0, 
and the polar with respect to x^l'(a — c)-^y^l(b -c)=l is xfla-^ygjb^l^ 
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(6) Let P, P' be (/, g, h) and (/', g\ A'), the direction of PQ 
being (?, m, n) ; .'.///' = ^/{al^a + A:)} &c., 

I}'la+,..= and P/a+...=0; 

•"• '/7 V{« (a + *)} +...= 0, but if r = ? V{(a + k)[a} &c., then ■ 
Z77(a-fA:)+...=0, r/(a + A:)+...= ZVa+...= l, 

/. (?', w', «') is the direction of the generator through P'^ similarly 
for Q\ 

Let (/„^., h,) and (/.',.9'„ h\) be ^ and <2'; ■.•.flf'^/JA', &c., 

(7) Let (/, ^, A) be a point on the ellipsoid aa'ja +...= 1, (<»,y, «) 
the corresponding point on x*l(^a-hk) +...= 1 ; 

:,x'l(a + k)=^fla=^(x'''f)lk, &c., 

the locus is the intersection of 

ax^^lf - bg'lf = a - J and a^V/« - cz'lh' ^a-c, 

(8) Let oc^ja +...= 1 and a;''/(a + 4) +...= 1 be the ellipsoid and 
hyperboloid, (f, 17, ^) the point on the sphere corresponding to 
(x, ^, «); then a;7«(« + ^)+--«=0, /. f'/(^ + ^0+"«=^- 

XXV. 

(1) By Art. 286. fla'a"a''*a""=^lla'(a''b')(a'^c')&c. ' 

(2) Let (Z, /w, «) be the direction of the normal at (f , 17, f) to 
the confocal x^jia -t k) +...= 1 ; /. Z = pf /(a + fc) &c. ; 

.*. /| + iw^ + w?=/), a-^k=^p^m b + k = p7)lmj &c., 

hence the locus is the section of the hyperbolic cylinder 

by the plane (|^/Z- ^/w2)/(a- J) = (f//-$'/w) (a -c), one asymptote 
of the section is f/Z = «7/?w = ?/» and the other is in the plane 

(3) The cylinder enveloping u= ,2;'/a + ...= 1 is 

(V/a + A^76 + v7c) (a;Va + 2^V* + ^'/c - 1) = (Xaj/a + ^y/^ + v^s/c)', 
or L (w ~ 1) = v' ; make r^ =■ x'^ + ^ 4- «* a maximum or minimum, 
subject to the condition Xa; -f /ijy -h v^? = 0, and shew that 

Lx (I — a//) = Xv, &c. ; /. XV (^' - a) +...= 0, 

whence r* = ^(J + c)X*4-...± -^, where ikf depends only on the 
differences of a, b and c, and if a*, ff'* be the two values of r*, a' — iS* 
will be the same for any confocal. Also 

r^^a = ^(b'-a-]'C-a) X* + ...± Mj 

t,e, X : y : z depend only on the differences of a, J, c, and the 
dirciJtions of the axes are the same for the two confocals. 
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(4) Let (/, g^ k) be a point P on the ellipsoid x'/a +...= 1, and 
let the confocal hyperboloids be given by .»y(^—^) +•••=!> when </ 
is very small, the two values of A; are given by 

(6 - k) {(c - k)f'/a + (a - A) h'/c] 4- (a - k) (c - Jc)gyb = 0. 

One value of k is, neglecting ^*, 

b+S!''b-'{r/a(a-b)-h'/c(b-c)}-\ 
and for the focal hyperbola a; /a (a — J) - «V^ (^ - c) = ; .*. the flat 
hyperboloid corresponding to this value of k will be of two or of one 
sheet as y^/ a (a — 6) > or < h^/cih — c)^ in either case the normal 
at P will be nearly perpendicular to the plane zx] for the other 
hyperboloid k = cf /a + ah^/c nearly, the values of a — A^, J — 4, and 
c — k being (a^c)fya, (J)-c)f/a-(a'-b)h^/c^ '^(a^c)h*/cy 
nearly, the normals at P to it and the ellipsoid being close to the 
plane zx. If P be actually on the focal hyperbola, any line per- 
pendicular to a tangent to the hyperbola will be a normal to either 
flat hyperboloid, 

(5) /V(a - i) - h'/(b - c) = 1 for the flat hyperboloid, 

for the ellipsoid, and by subtraction, 

k =/- (b - c)/(a -b) + h' (a - b)/(b - c). 

(6) Taking the axes and notation as in Art. 301, the vertex 
being on the focal hyperbola, if (?, m, n) be the direction of a side 
of the- cone, r its length up to the point of contact, 

r {(p,l + p,m)/b -p^n/k^} = 1, 
and the tangent plane to the enveloping cone is (xl'\'ym)/b-zn/k^=^0^ 
hence ^, the perpendicular from the centre (— p„ -'P^, "Pd^ 

^{{p,l + P,m)lb^p^nlk,][{p^m^)IV^n^lk;Y^) 
:. pr = {(P + m^yib' + w*/ ^1"^ and (? + m')lb = w'/^. = 1 /(& + K) J 

.-. ^V* = bk^. 
.rj^ / _ m' _ 7i _ _(a^h) (W + mm) + (a + k^) nn' 

^^ iib^mjb^'^^^^P'' :^1 

(8) Let 6 be the inclination of the cyclic plane of a;*/a'+...= 1 
to the plane xy ; for the circular section y* + as* sec*^ = J*, and 

x'la' = ^'l(a'^c'), //6' = i?7(6^-c0, Bee0^b\a'^c')la\b'^c')i 

...f + ^» = i»_c\ 

(9) Let x^la + y^jb^^ 1, a = be the ellipse, treat it as a flat 
ellipsoid, the cone as an enveloping cone, whose vertex is (f , «/, f), 
a point in the confocal x^Ka + k)-^ y^l(b + k)-+ z^jk^l, (1), the 
normal to which at the vertex is an axis of the cone, passing 
through the given point (/, ^, 0) ; 

^nda(f^Olf=H(/-v)Lg^-k^fS + gv-i'''v'-i\ by (1), 
hence the locus is the section of a sphere by a plane. 
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XXVI. 

(1) If x' + ^* + s' = r' be a maximum or minimum, 

.-. r' = 2, or -3/ = + ;«? = a:/rV3 and 2s V3 = a;V3 - a^^j, 

whence r' = 1 or - 1 ; the focal ellipse, referred to the axes, is 
fx" + ly = 1, and the focal hyperbola x^ - |^* = 1, eccentricities are 

VS and Vf • 

Aliter^ turn the axes of y and z through -45°, and then the axes 
of X and y through By where sin2^/2\/6 = — cofl26^= ^. 

(2) tir-»=r/(a + Xy+..., let W3r/(a + \y+..., 

2g J\ 2 _ ^^' 2g _ 4f^' 

c/'\ ^ 2w;^ rf®* 2^ _ _4|V* _ 2^' __ . 8gV^ 8gV^ 

^f ■" a+\ "^ rff ' a + X. (a + xy " o+X (a + X/ "*" (a + X)* "' 

(3) For the circular section xAnd •\-z zo^d ^pdjd^^ where 

sin^ : cos^ : Ifec^S : a\/(7* — /8') : ^7; 
by Art, 286, P-fx = aaa\ 7 V(7* - /30 « = ^^V ; 

/. eaa'a" + accc" =^ph*i^djd^^ and pJ = ac; 

.-. (a'' - 7O (a"- - 70 = (7'^/rfo - « « '7 ; 
... y (I _ ^»/rf;) = a' + a"« - 2dd'd\d^. 

(4) Art. 312. Let (/, tw, w) be the direction of a normal at 
(?^ 'yj to the confocal y^{{h — A) 4 ;57(c - A) = 4 (a? — A;), of which 
the focal conies are y* = 4 (A — c) (.2? — c) and 2;' = 4 (c — 6) (a? — i) ; 

(J-A)77^/9? = (c^A)7^/?=-i^=(J-c)/(^/m- ?//?), 

/. Twi? + w?= - 2Z (I - A) = - 2Z| + V^lrn + 2ZJ,^ 

and 97/^2— f/w = — 2(i- c)//, 

shew that, when ^ = 0, f' = 4 (c - J) (f — i) ; and similarly for the 
other focal conic; 

(5) Use Art. 268, iii., and Art. 312. Let (g, ^, f) be the 
point where a bifocal line of the paraboloid y^\h-\'^\c — \x meets 
a tangent plane, so that Z (Zf + tw?? + nj') + wi'^i + n^c = (I) ; the 
bifocal line (x — ^)ll = r^ &c. intersects the focal conic, 

similarly, (nrj — Twf)' = - 4 (6 - c) W2 {m (f — 6) — Zi;} ; 

••• w' (f - c) + m\^-b)-l (mrj + wf ) = 0, or, by (O, | = 0. 

(6) The extremities of ds are given by the intersection of the 
curve a?'*/a+...= 1, x^l(a— k) -{-..,= i with the two hyperboloids 

x'Ka - /i;') -f ...= 1 and .v^l(a-k' - rf^') +...= 1 ; 
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but (a --h) (a -- c) X* ^ a {a '*' k) (a — ^'), 
/. 4 (a - 6) (a - c) {dxldkj ^ a (a -^ k) l(a - k') ] 
let (I, i;, f) on tbe sphere correspond to (^, y, «) on the ellipsoid, 

/. (a-&)(a-.c)f = r*(a-ft)(a-ft'), 
hence 4 (a - J) (a - c) {r« (c?.r)» - ^' (d^Y) :=r\a" k) {dkj. 

(7) Let (x -/) jl^^y— g)j w = (« — A) / w -: \ be the equation of 
a bifocal chord through (/, g, n) in the paraboloid; 

.'. (g + m\yib-^(h'\-m\yic=fflXj 

and {m^lh + n^lc)\ = l-'^{mgjb^'nhlc). (1) 

Since the chord intersects the conic, z = 0, y^ 1(5 — 0) = x — Jc, 

.*. (nff — mkyi(b -'c)=-n^ (/— Jc) — ZwA ; 

similarly (ng - mhyi(b — c) = m^ irf'^ i^) + ^^.9^ 5 

/. (ng-mhyibc = {m'jb + n'lc)f'-i(m' + n')^l(mglb + nhlc), 

whence (nig/b + nhjcy — Z (rngjb + w/i/c) + i? = J, 

or, by (1), (w'/i + w7c) \ = 1. 

(8) Let one of the sections of the ellipsoid a;'/a*+...= l stand 

on the line (a;-ajft)/Z=(y — yo)/^ = ''> (^o ^o? ^) being the centre 
of the section ; .-. Ix^ / a* + my^ / ^* = 0, and 

(l'la' + m'lb')r*=l-x:ia'-i,,'lb'; 

if a be the distance between the centre and focus (^, t/, 0), 
I = a;^ + Za, »; =y„ + ma, and a' = (/»*- c') (1 - xj/a*-y*/b'), where 

and 1^/0" + niTj/b' = a/ p' ; 

.-. (p* - c') (1 - e/a' - v'/b') = aV/p' = c'p" (l^/a' + mv/bj. 

The locus touches the principal section ^/a* + v'/^' = 1 > shew 
that it meets the focal conic ^'/(a' — c*) + tf/(b'' — c') = l, where 
{(b'-c')m^-(a'-d')lvY = 0. 

9. Using the notation of the last problem, I, m is known by 
{P (a'- O/a^-hm" (b*- c')/b'} (1 - f/a'-r,yb')=c\l^/a' + niij/i')', 
or by [I' (a* - c*)/a* + w" (6' - c')/*'} {f '/(a* - c') + ij'/C^' - c') - 1 } 

= c' {(J' - c«) wJ^ - (a' - c') /i?}7 {(a' - c") (i' - c') a'6'} ; 
.-. f7a' + 1)'/6' < 1, , and {'/(a' - c') + i7V(i' - c') > 1. 

XXVII. 

(1) By Art. 361, they are the enveloping cylinders, whose axes 
are parallel to the asymptotes of the focal hyperbola. 

(2) By Art. 366, if (?, w, n) be the direction of the liiie of 
intersection, the equation of the ^wo tangent planes will be 

(I' la' + m'lV - w' /cO W + y + ^5" - (I + a'l&) z' + {a^jb^- 1) y'] 

^a'ilxla' + mylb'-'nzlcy, 
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iutersectlng the cyclic planes where 

(3) Let (d?,y, 0) and (x', 0, z) be the points 8 and 8\ then 
a;- + / = 6*-c' + .rV/e", and .V*4 «'* = - (i* - c") + a;'VVe%- 

... 8S'' = (a; - ^')" + / + «" = (xej^ - aJV/e)^ 
For the directrices, by Art. 345, f - f = ic/e * - aj'/e' oc /S/S', 

(4) Let (/, 0, A) be the point in the focal line, 

and let Ix + mi/ -^ nz = be the equation of a tangent plane, where 
a'Z' + iW-cV = 0, (x"f)ll = ylm = (z'-h)ln will be the per- 
pendicular from (J\ 0, h) ; /. ^ (a; — /) +y' + ^ (« — A) = 0, (1) and 
«' (j? — /)'* + 6y — c'(z — hy = 0, eliminating y, 

.since /'/(a' - b') = AV(6' + c'*), 
we have (a'-i''){a:-y-i&y/(a*-60r=(^*+O {«-A+iiVi/(J'+c')}'; 

The negative sign is inadmissible, since it would give 

or, with (1), (x ^/y -\-f + (z- hy = 0. 

(5) If (f , i;, 0) on the focal ellipse correspond to {x, y, 0) on the 
ellipsoid, !'/(«'- c*) = x'la% rj^lib'-c') =-y'lb'; at the focus of the 
flat ellipsoid f = V(«' - * )j .*. ^ = aVCa'* ^ 6*)/ V(a* - ^O* 

(6) Let /, g, h be coordinates of P; at (? ,2: = (l — c'/a*)/, 
3^ = (1 - cVft').^: at P' and G' x^ V(l - c"/a')/, 3/ = V(l - c'lb')gi 
hence P'G' is parallel to Oz, PG = P'Q' by Ivory's theorem. 

(7) The reciprocal locus is that of a point on the sphere, the 
sum of whose distances from two fi^ed points on the^ sphere is 
constant. Prove the last part by infinitesimals. 

XXVIIL 

(1) For a central cyclic section let a; = .»'cos^, a = ^'8ln^, 
where 6'cos'6^/(6* — c'') = a"/(a'* -c"'), and tor the cylinder, by 
Art. 345, (a*-c;')a?Va"H-(6^-cO//6*=l, 

if 8 be the focus OS" zo^'d ^a^d" ^ b')l(a' -c% for the parallel 
section touching at the umbilic, 0/Scosd =s distance of umbilic from 
plane yz» 

(2) By Art. 356, 8R bisects LQ8Qy l8PR = 90°. 

(3) Let (rcos^, 0, rsin<^) be the vertex V on the focal 
hyperbola, a the radius vector in direction OVj (3 the semi-diameter 
of the section (a, c), conjugate to a, ; a , b' semi-axes of the section 
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by the plane of contact, p the distance. of its centre from 0, then 

and a"* cos*<^ -f c"* sin^ = a"', (a' - ft')"* cos*^ - (J'' - c')"* sin''^ = r"'' ; 
the square of the distance required 

= b' {co8'(^/a* + sin^/c' - cos' (f>l(a' - ft*) 

+ 8inV/(ft'-c'0}/{(a'-ftO sin'«^/c'-(ft*-cO cos^/a'}, 
reducing to ft*/ {(a" - ft*) (ft* - c*)}. 

(4) Let (iCp ^j, 2j) (a?j, y.^, 2 J be extremities of diameters con- 
jugate to the diameter of a^/a + y^b + z'/c = 1, whose direction is 
(/, w, w). The two planes xx^/a-\-.,.= and ^i2;^/a+...= are 
conjugate and perpendicular, /. x^xJa+...^0 and .r^a?,/a*+...= 0; 
/. oj^a:, : y^y^ : ^^2, = a* (ft - c) : ft* (c-a): c' (a - ft), 

also ?^yaH-...= 0, and Za?,/a+..-=0, or Za(ft — c)/a;, +...= 0, 

eliminating ^,, the quadratic in y^ : 2;^ is to be satisfied by an infinite 
number of values ; /. m or n = 0, if in = 0, P/(a - ft) = w*/(ft — c). 

(5) Let /8, (7 be the focus and centre of the sphero-conic, 8Y 
perpendicular to the tangent at P, the vertex of the cone l C08=^yy 
sin*7/(a'-ft') = co8*7/(ft*+c*); and let Xa? + /Liy + i/« = be the 
equation of OPY, where Va* + /i'ft" - vV = 0, 

/x (a; COS7 — 2 8in7) + (v sio7 — \ cos7)^ = that of SO F; 

.*. (/Ltar — X?/)* cos*7 = (/Lt« 4- vyY sin*7, 

(/xa; - Xy)* + (Xa; + ^2^)* = (X* + /i') (a?* + ?y*), 

/. {fix - X^^)* = a;* + 3^* - v*r*, (/[i« - vy)* = y' + 2" - XV* ; 

.., (-p« + 3^» - vV) (ft* + c*) = (3^* + ^'^ - XV) (a- - ft*), 

{x' + 2/^^) (ft'* + c') - (y* + «'') (a* - ft") = { v'' (ft* + c*) - X* (a^ - ft*)} r* = ft V ; 

... \x' + y^ + ^^O (*' + c' - «0 = «' (** + cO - ^* (a' - V). 
Aliter, By spherical trigonometrv, let S' be the other focus. 
S'P+SP=^2a, GY=^p, SY^p', lCSY:=0, and let S'P^ SY 
produced intersect in T, then /S"3'=2a, 

cos p = cos 7 cos p -f sin 7 sin p' cos ^, 

cos 2a = cos 27 cos2/>' + sin 27 8in2/>' cos^, 

whence sin*a = €03*^7 + cos*p' — 2 cos 7 cos/>' cos p. 

If (?, «2, 7i) be the direction of OY, cos/> = w, 

cos/>' = Z8in7 + w CO87, cos/j' — C0S7 co8p = 7sin7; 

.•.8in*a = cpsV(l-«0 + r'8in*7; .-. a'' = (ft''+ c*) (l-w*) + (a*-ft')?, 

or(F-^c''a')(x' + y'-^z') = (b' + c')z^'-(a''-b')x\ 

The equation of the two tangent planes through the line 

xjl^ylm = zln is (Z*/a'+...) (x'/a* +...) = (Z^/tt'''+-..)*j 
and if they be perpendicular, the sum of the coefficients of a:*, y^^ 
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and ^ win be zero ; /. (f/a* ...) (a~* + J"* — c'*) = P/a* +..., whence 

is the locns of the line, a cone having the same cyclic sections as 
the cone above. 

(6) Take a section through 8 perpendicular to F/S, 8 is the 
focus of the section, Art. 872. Let tangents at P» P' intersect 
in Q, and the third tangent intersect these in T, T\lT8T=^\lPSF\ 
and if L TST = 90", PSF will be a straight line, and Q on the 
directrix. 

Reciprocal Theorem. VP, VP* two fixed sides of a cone, and 
VQ any other side, intersect a circular section in p,p'j g, /-pqp' is 
constant. 

(7) Taking the section as in (6), PSP' being a chord through S, 
F/S/iSP+FiS/iSP' is constant. ' ^ 

Reciprocal Theorem. Two tangent planes intersect in a line in 
a cyclic plane, shew that the sum of the cotangents of the angles 
which the cyclic plane makes with the two tangent planes is constant. 

XXIX. 

(1) 1. TurnA-Oythrough45°, 32'-(a;' + y*) + 2(x'-y^ = a^ 

3. s l,2±V3,a:Vi(V3+iy + 2(VK\^3-l)'-^^ = l. , 

The method of Art. 415 gives a?=«=^/(±V3 — 1), for^=2±\/3; 
it fails for « = — 1, but « (x^ + y^ + «") — a;'* — ^ — 2;' - ^xy—lyz^-izx 
fc=-2 {jy + ^(rr4 2)}^-f (^4-2j)*=0; .'. 4? + 2J = 0,y =0 are the equa- 
tions of the axis corresponding to ^ = — 1. 

4. The eqtfation may be written (a3 4-y + «)' — «' = «*, shewing 
that it is a hyperbolic cylinder ; and s=0 or ± \/3-f 1 ; corresponding 
to 5 = 0, 2 = 0, and a;-fy = 0, for 5 = ±\/3-i-l, a» = ^« = «(«+ 1); 
.-. a; = 3/ = 2/(± V3-1). 

5. As in Art. 427, 2 (2 +y + 4)'- (2y - f ^ + 3)' -f | (x- 6)*= 52, 
the three conjugate planes intersect in the centre (6, 6, — 10). 

6. 5 = — 1, 1 ± \/2 ; for the axis corresponding to 5, by Art. 415, 
X8 — y (:} + s)'= z (\-\- s) ; as in 3, when s = — 1, 2r = 0, y + i2f = 0, and 
when 5 = ± \/2 + 1, xj± Aj2^y=^ z. Centre (0, — 1, 1) is on the 
surface. 

7. Or {x+i(y + ;j;-7)}' + i(y + f«-77 + §(;?-3)«+(Z-55=0. 
,8. Or 14 (y — a;)' — (« + 3y — 4cc)' = 1 ; axis x=y = «.., 
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(2) The ^qtotioti is (a'+ y+d*)(dj'+y+ »")- (a«+iy+c»)'= 1, 
Art. 59. 

(3) /-(a'4i*46'y+4a"iV=0, otoe rofot negaf ite, «i"^45,"*45^*-0. 

(4) ac-'V^ss {aci -* JV) J'/c', &c., /. the equation becoines 
(a^+ b'z 4 (^2/)* 4 {aa! - JV) (i'« + c'yj /h'c* 4 a (2a'^ 4- ...4 (0=0, 
Sfc paraboloid whose axid id x = 0, i'i 4 c'y = 0. 

(5) The equation ia (a - 1) «* 4 (2y 4 3« 4 xf 4 2a"aj 4 • . .+ (i = 0. 

I. Ify'=2^,c';=S^,(a-l)aj'4(2y4304^4^y42(a^'-;S)a;4tZ-^^ 
a=l, a parabolic cylinder j a>l, an elliptic cylinder^ or loie- 
cylinder, or impossible, as 

(a"-;S)V(a-I)4/3'-.J>,=,6r<0;. 

a < 1, a hyperbolic cylinder, ot* two planes, asi 

i8* - (I- (a" - ^8)7(1 - a) is finite ot zero* 

II. If a"=i/3, i"=^2/3, c"^3^, and a= 1, (2y43«+a?4)8:>»=i8"^rf^ 
l^presenfting t^a planes parallel, or coincident if ^9* = c/. 

(6) For a generaf o(r of the opposite System,- y— a=fliwr, «— a^^s jSy, 
Inhere — a = ^(a4aa); .•.y«4«a54ajy-'o(^4y4«)4a' = is 
the equation of the hyperboloid, centre (Aa, ^a, ^a) ; referred to the 
centre and axes it is ^" - J (y*4 «") 4 Ja =0, the eccentricity itf Vf • 

(7) 5^ — J« + } = 0, *=1, i, -f ; the corresponding directicti- 
eosines of the axes a^re as - V3 : 1 : - 1, : 1 : 1, and |V3 : 1 : — 1, 
those corresponding to ^ = ^ are obtained from the two factors of 
^9""i(f'"*"^*+^*) equated to zero, the result of Art. 415 ^ting 
aa inaeterminate result in this case. The focal conies are 
^— 1^5* ss 1 and ^a? 4 fy* = 1, eccentricities Vff a^d Vf • 

(8) For the centrcy aj4p»-a=0y y42«— &=0, -«J+i?«42y4^0* 
i. «(aj — a)4y(y — i)4«(^— c) = 0, the loeucTis a sphere. 

ii. When the centre is on the surface^ aot-\-hy-=-Cz^Q ffid 
«* +^ 4 a* — 2c« = 0, the locus is a circle. 

(9) By Art. 414, either V or c=0; let 6=0, then c'*=(c-a)(c-J), 
the section by the plane of xy is a parabola whose axis is that of the 
paraboloid, :.c^^ab and c^a^h] the equiation of the Section is 
(xj^a + y ^s/by 4 2a"x =» 0, and that of the diameter bisecting chords 
in direction (Z, m) is (l\/a-\'m»slb)(fX\/a-\'y»JVj-¥oi'l=^^i which 
will be that of the axis, if it cut the chords at right angles, i.e, if 
l/»Ja ^ m/s/h ; /. the equations of the axis of the paraboloid are 
(a 4 b) (orVa 4y V*) + » V^ = 0, « = 0. 

G 
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XXX, 

(1) Treating the two planes as a conicoid, the bisecting planes 
are principal planes corresponding to the roots 5., $^ of the cubic, 
the third principal plane being any plane perpenaicular to the line 
xl A—ylB^zl G^ where A = (aa! - i'c')"\ &c. Let (X, /li, v) be 
the direction of the normal to either of the two planes, then for 
any point in either, by Arts. 417, 418, the following equations hold 
(ax + c'y + &'«) \ + . . . = 0, Xa? + /Ay + v« = and \^ + /a^ + v = 0, 

(2) Let X, /L&, V and V, ft', V be the minors of the discriminant 
of aaj'*+...+ 2a'y;5 +...-« (a;* + y* + «'), a, ^8, 7 being the roots of 
the discriminating cubic f(s) = 0. Since the discriminant vanishes, 
as in Art. 391, XX'=ftV', &c., /. XX" = /*/*'*= vv'*, also ZX'=w/Lfr'=nv', 
.% ?/X=w7/*=nVv=(X'+/*+v)"S and X+/A+v=/'(a)=(a-)8)(a-7). 

(3) Let the equation be i%* +72;'+...= by transformation, if 
6 be the angle required, tan^^= V()8/- 7) ; 

/. tan ^ = 2V(- ^87) / (/8 + 7) = 2V(- /,//,), 
with the notation of Art. 413. 

(4) If the line (f — .2?)/X= ... = r meet the surface in two 
coincident points, 2w (X'-T-jj+...+ 2/ttv^— ^ +••.) = \^^ +...) • 

Take three lines through the same point (^, y, z) at right angles, 
and add the corresponding equations ; 

(5) 5 = or a + &4c±V{(« + J + c)*-3(Jc + ca + ai)l. 

(6) Compare with (^' + y* + 2?') cos^i^ = (la + wy + rw;)*. Art. 60. 

('7) Let the plane be la; + my-\- nz =p, the equation of the cone 
is ^ (ax^ + by^ + C2*) — (te + wy + w«)' = 0, which must be the same 
as A (a^ + y' + 2f*) - B (\x + tiy + yzf = 0. Shew that ?, w, or n 
must ^ 0, unless a = h=^c^ and that if tw = 0, ft = 0, and 

/ = P/(a-i) + w7(c-i). 

(8) Let the transformed equation be aa5* + i8y* + 7a* = l, the 
given plane is xs/aL-^-y \l^-\-z ^^7 = 1, and, by Arts. 237, 240, the 
area of the section is tt {3a/S7/(a + )8 + 7)}"* (1 — J). 

(9) A sphere, whose centre is in the axis, cuts the surface in 
two parallel planes ; the left side of the equation must therefore be 
A^ (x^ + y* + «* + 2y;<? cos a + "^zx cosfi + 2xy cos 7} - {A(x ±y± «)}* ; 
.-. (cosa±l)/a=&c. : the four forms in which (x±y±zy can appear 
are (a: + y + z)\ (a? + y - z)\ &c. 
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(10) The equation of the cone referred to the vertex as origin 
IS (7 (ax^ + iy^ + cz^) = (afx + bgy + chzy^ where cr stands for 
«/' + bg^ + cA' — 1 ; if 5^, 5„ ^3 be written for a - era, s-^ab^ 8 — ac^ 
the discriminating cubic will assume the form 

or a'fl(8 - ad) 4 iV /(« - crJ) + c'AV(5 - crc) + 1 = 0, 
also a/'+&^*+cA'=l + cr, multiplying the first by o-, and adding, we 
obtain //(«-' ^- crO- + g'lQr - cr^"*) + A7(c-* - as-') = 1. By 
Art. 415, the direction-cosines of the axis corresponding to 8 are 
inversely proportional to a!(8-a-\-b'c'la')j &c., or to bcgh^s-aa)^ &c. ; 
they are therefore as //(a"^ - as'') : glQT' - as'') : A/(c"^ - as'') ; 
hence the asis is a normal to a confocal passing through (/, g^ h). 

XXXI. 

(1) The equation is w, = (2m — l)(w— 1), and the cubic reduces 
to «' - .(4m' + 3) 5' + 4m* (m' + 2) 5 + 4 (1 - m*) = 0. The surfaces 
are m>l or < — 1, our'* -1- fiy* + 72* = +, an ellipsoid ; m = 1, 
4:x'+Sy^=0y a line cylinder ; m < 1 > J, aa;'4-)8y*-7« = — , a hyper- 
boloid of two sheets ; m=^, a.r* + )8y*— 7«*=0, a cone; m<^> — 1, 
a.2?*+)8y — 7«'=+, a hyperbolold of one sheet ; m = — 1, 4aj'+3^'=6, 
an elliptic cylinder. 

(2) X* + y* + «* — r' (ay« -f J^;^ + ca^) = gives two planes 

(lx + my'{-nz)(xjl + ylm-\-zln)^0^ 
equating coefBcients 
'-abcr^^{m*-^n*){n^-\'V)(P+m^)lVm^r^=^{m 

(3) The equation of every surface of revolution through ^ = 0, 
y = is of the form w'(ic*+/+2f'')-(Za:+my + w«)'+2Jic+2J5y=0, 
and when it passes through y = a, 5? = 0; «' — f* = 0, -4 = Ima and 
(n* — m*) a' + 2 JSa = ; hence the equation becomes 

(T — m*) (y* - ay) — 2Zwa? (y - a) ± 2 (£« + my) h = 0. 

or (T — m^) (y — ay ±xz) -2Zm{ic(y -a)?y«} = T (P4'«*')a;«. 

(4) aaj* + by^ + c;?' must be of the form 

a (x* + ^* + «' + 2yz cosX + 25ia? cos/a + 2^^ cosv)— /8(Z^ + wy + nzy^ 

.'. a = a 4 ySP = J4^m*= c +^n'=^mw/cos X—finljcos/A = film I cos v 

=s^?*cosX/cosftcosv = a cos\/(co8X- cos ft cos v) &c. 

(5) « (a;' 4y* + a?''} — <w?' — J^ — c^;'* is tranaformed to 

« (fic* + y' + 5?' + 2a'y0 4 2i'«^ 4 2c'a?y) - 2m (y^ 4 «a? + ay), 
each, when equated to zero, being the equation of two planes ; 
.-. 5' - {{sd - mf 4 {sV - m)' 4 (sc'- mf\ 542 (W- m) (si - m) («c'- m) 

= (l^a"-i'--c"4 2aW)(5-a)(5-3)(5-c); 
equating the coefficients gives the results^ 
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If a'=xy = (/ = J, a&4-&J + ca = 9 and (a4-i + c)' = rr- y aJc, 
whence ,a^-(a + J'+.c)«*+^(a + $ + cy = 0, whence the th?*ee 
values of «/(a+ 6 + c) are f, f and — J ; /. o = J^ — 2c, &(b, 

becomes ^ complete square if « =^ — 1, apd the transformed equation 
mpst be aa?— jr — i?f' = 2d!, rince 8(a^+y^-\-z^ — u reduces to a com- 
plete square fpr » = — 1, only when the coefficients of y* and »' are 
jequaL The last tierm pf the rpduciuig cpbic, beij?g a (— 1)*, gives 
the result, 

(7) Let the two discrinii^atiQg cubics b.e «•— j45 — 2^=0 and 
«" - 4V T 2-B' = 0, where A^a* + b* + c% B^cAcy&c,: when the 
two conicoids are confocal «'"^ = ^"^ -f k^ 

.•..«'-^'«(l4-^)*-25'(l + fo)»=0, 
and comparing the coefficientis W(d hav^ JB^IA'-^BI^-'^^ &od 

(3) Jjet q,-Vc*ja'^h^ cV/i' =?: c -r (^'J7<5' =^ ^) tb!B^ tfep eqp^atiqi^ 
of the surface of revolution is of the form 

^d if (f, 17, f) be the focus, ic + wiy + ««-^ = the ^quatipi^ pf 
^b(B dirpptrix plane, the equation is also 

«Ps=-.yc7a'=* — o ^c. (1); /. « = 3« — flST- 6-(j, 

K2^Z-f) = a"fS:c. (2) and ^(rti;' + ?«.;>»)-^, (3) 
/. by (2) a' (^f + a") = V (sv + i") = c' («?+ c") = tpU 
^ WS + b"v + c"?) + a"» + b'" + c'"} / (a'Va' + ^'/i' + c'Vc'), 
and sY = s' (I? + 1;' + ^0 + 2^ (a"f + V'tj + o"0 + a"' + 6'" + c'" ; 
,r, by (3) 5 (a"f + b"v + c"p rf a'" + b'" + c"» = i (a'^' + 6"? 4 c'" - ^d). 
The equatipn of the directrix U aid (la + my + nz-p) = Q, and 
by(l)«Pa" = -a'JV 

' and 5fa> ^ J (a"' + r + P"" - ^^/(a'Va' + ^''/i' + c'Vp'). 

"t,j. J. ^9) Let a sphWe, centre 0, of unit radius. Intersect the axes in 
Xj iy, Zy the axis of rotation in 4? &pd the lines joining (9 to any 
point in its first and second position in P and F' ; let (Z, m, n% 
[r, m*, n'), (\, A*, »') be the directions of OP, OP' and QA; 
lP'Ax = 4>, iP'AP^e, 4P' = -4P=:a, and take n the pple of 
AP\ then, by AP'Ax, Z' «= X CQsa+ Binq,smAx cos0, a?id, by APAx^ 

Z=Xcosa + sinasin4a;cos(^ — d), and cQ3n^ = sin4a;sin^; 

/. Z=X cos a+(Z' — X cos a) cos ^ + sin a coslla; sin 0^ cogf a=X?'+/Awi'+Kn', 
and, by Art. 24, cosllx sina^ftn' - vwi'. Zr, wr, «r andfr, w'r, nV 
are the coordinates of P and P', r being the same for both. 


PROBLEMS XXXI, XXXII. 45 

Taking the conicoid aa?'+...+ 2a'y»+...=l, the equation should be 
unaltered when we write — aj-f 2\(A^+/Ay+i'«) or — ar+2Xp for x^ &c. ; 
/. -^ 4p {dKx +...+ o! (fJLZ + vy) +••.} + 4p" (aX*+...+ 2a'/Jiy + ...) = 0; 

which gives the equation (1) of Art. 418. 


XXXII. 

(1) A plane through the vertex contains only two points of the 
curye besiaes the vertex, hence a straight line cuts the cone in two 
points only, 

(2) If it could cut in more than n ^^^ 1 points, a plane through it 
apd any other poijat of the curve would cut the curve in more than 
n points. 

(3) Let P be the point of crossing, Qj R points on the two 
brai^iches near P, each conicoid of the cluster passes through P, Q^ 
and £, and is touched by the plane PQB in its limiting position. 
If P' be a second point of crossing, a plane through PP' and 
aiiiy other point contains 5 points of the base, which is possible only 
when the base is two plane curves. 

(4) A conicoid can be drawn through the point P common to 
thiB straight line and curve, six other pomts on the curve and two 
others on the straight line, so that the line and curve both lie 
entirely on the conicoid. Art. 447. 

A plane through the line meets the curve in two points besides P, 
and the line joining the two is a generator, 

(5^ The tangent plane at P to each of th& conicoids must 
contam Q and a point on the curve consecutive to P. 

, (6) Take A^ P, C, 2>, U for the five points, and let AE intersect 
the plane BCD in 6, an infinite number of conies pass through 
P, 0, D and e, each being the base of a cone, vertex -4, of which 
AB is a generating line, similarly an infinite number of cones with 
.vertex B and a generating line BA pass through the five points ; 
and each pair of cones gives a cubic curve through the points. If 
six points be given only one conic can be drawn in each case. 
1^0 four of the five points c^n lie in one plane. 

(7) By (4) one conicoid can be drawn containing the curve and 
i]\e line joining an arbitrary point with any point of the curve, 
the other generator through contains two points on the cubic 
curve, the plane through the tWQ generators containing three. 


46 PROBLEMS XXXIl., XXXIII. 

(8) A straight line L intersects the projection in three points 
only, since only three points of the curve lie in the plane containing L 
and the origin of projection. Also, by (7), one line through O 
contains two points of the curve and their projections coincide in a 
point P, hence any line L which passes through P contains two 
coincident points of the projection. 

XXXIIL 

(1) The plane cuts the curve at P, Q and a third point -B, a 
conicoid can be drawn through P, Q^ By four points of the curve, 
the given point 8 of the chord, and a point in BS, the curve will 
lie entirely in the conicoid, B8 and PJ3Q will both be generators, 
and 8 the point of contact. 

(2) By Art. 451, the common generating line counts for four 
points. 

(3) The given conicoid (A) contains the five points, let L and 
L' be two generators of the same system ; a second conicoid (B) 

E asses through the five points and three on X, and {A, B) is the 
ase of a cluster, which is the cubic curve G and the line L] a 
third (B} with (j4) forms the base of a cluster (-4, B}^ which is 
the curve C and line L' ] four of the eight points common to 
A^ B and B" lie on L and X', two on each, .*. only four would 
be common to C and (7', unless they coincided; hence for each 
system of generators there is only one cubic curve through the five 
points on A. 

(4) Let the cluster be denoted by the equation 

ax^ +...-I- 2ayz +...+ 2a"x +...+ d + \ (aiai? + i%' + ^z* - 1) = 0, 
for any individual of the cluster the centre is given by 

(a + Xa)f + c'i; + 6'S'+a" = 0, 

and i'f + a 1? + (c + X7) \-^ c" = ; 

and if the centre lies in the plane Ax + By+Gz + D = Oj 

A^ + Bn+C^+I> = 0. 

Eliminating |, 97 and ^, the result is a cubic in X. Hence a 
plane intersects the locus of the centres in three points only. 

(5) The quartic curve lies on a cubic surface if that surface 
pass through 13 of its points ; a conic on one conicoid cuts the 
curve in 4 points and lies on the cubic if 7 of its points are on the 
cubic, 4 of which may be of the 13; hence for each conic 3 more 
points are required, making in all 13 + 3 + 3 = 19, and so fixing the 
cubic surface. 
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(6) For the fixed line, let x =y + Zr, y = g •\- mr^ z^h-{-nr^ for 
the normal to the conicoid <zx' + by* + cz* = l^ the foot of which is 
(f, 17, f), /— f + ?r-a|p = 0, &c. ; eliminating r and p, we have 
another conicoid on which the feet lie. 

(7) If w = 0, w' = 0, give the base, the condition that u-\-\u'=0 
may be the equation of a cone, gives, by Art. 396, four values of \. 
Let w =0 (1), be one of the four cones, P the polar plane of its vertex 
V with respect to w =0, the cone enveloping t* = with vertex V 
has four generating lines common to it and (1), each of which has 
two coincident points, and since these points lie on both u = and 
u' = Oy the four lines are tangents to the base, and the points of 
contact lie on P. 

(8) Any plane through 0, the origin of projection, contains 
four points of the base,. therefore the projection of the base is cut 
by a straight line in four points. 

One conicoid of the cluster passes through 0, and the two 
generating lines through each pass through two points of the 
base. Let one of the generating lines meet the plane of projection 
in P, then every line through P cuts the projection of the base in 
two coincident points. 

XXXIV. 

(1) \ (i»*— m^) + fi (mi^^ nz^) + v (nz^- rw*) = is the equation 
of any conicoid passing through seven of the points and two 
arbitrary points. 

(2) Let -4, B and (7, D be the points in which the given lines 
intersect the conicoid, refer the conicoid to the tetrahedron of which 
ABj CD are edges, its equation being 

ayz + hzx + cxy + a'xw + I'yw + c'zw — (1). 

The common tangent of the sections by planes through AB 
and CD must be their line of intersection given hj y^ax^w^^z^ 
hence the roots of the equation 

aaxz -I- hzx + coa;* + a*^xz + Va^xz + d^z^ =s 

must give equal values of x : «, or the equation is 

{2caaj + (aa + i + a'/8 + h'afi) «}' = 0, 

and if (f , 1;, ?, w) be the point of contact, eliminating a and ^, 

2cfi7 + a^?+ iff + a'fo) + i'ly© = 0, or c^t) == c'fo). 

The equations of the locus are (1) and cxy = c'zw. 

Near 2>, neglecting the squares of small quantities a;, y, z^ the 
tangent to the quartic curve at D has the equations 2 = and 
ax + b'y 4- c'« = and intersects AB. Similarly for the points 
A^ B and C. 
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(3) Take ABG the triangular section, OAB, OBC, OGA the 
three planes, the three conies in which intersect OA, OB, OO eaeh 
in two points. One conicoid can be drawn through these six 
points, and one more point on each of the three conies ; hence the 
conicoid passes through five points on each of the eonics, and 
therefore contains them entirely. 

(4) The Tiyperboloid S intersects the cubic G m the quartic 
<;urve Q and the two lines X, M of the same system^ see Art. 458 ; 
8 and C intersect in Q\ 11 and M.\ 

i. Let X, U be of the same system; 8^ G and (7' have 
18 common points, 6 on i/, Jlf and 0', 6 on U^ if' and (7, .*. ^ on 
>8, Q and Q. 

ii. Let X, U be of apposite systems. 

4 of the 18 points are intersections of X, Jf with X', M\ 2 affe 
on Q and X', M\ 2 on Q' and X, M^ ,\ 10 are on Qj Q. 

(5) Let G^ denote a curve of the 5*^ degree, 8^ 8^ surfaces of 
the third and second degree, X a line. 

(7„ X lie on 8^ 8^\ G\^ L on 8^ 8\\ 8^ 8^. and 8'^ hate 
12 common points. 

i. Let X, X' not intersect, 2 points of /8', lie on X} 2 of 8^ 
on X' ; /. 8 on G^ and G\, 

ii. Let X, X' intersect, 3 lie on X, X' ; /. & on C„ (7'^. 

iii. Let X, X' coincide, corresponding to 5 points, Art. iSi ^ 
.'. 7 on (7„ C',. 

iv. X' a generator of S,, 5 on X', 2 or 1 morie on X, as X' and X 
are of opposite or the same system ; 5 or 6 on (7^, G^ 

V. X' a generator of 8^ X of /S,', 9 or 8 on X and X', as they do 
not or do intersect ; .'. 3 or 4 on C^, (7'^ 

(6) The quartic curve is the intersection of the conicoid 8^ with 
a cubic surface 8^^^ an arbitrary point on 5„ join to any 
point P of the curve, and let OQ be a generator of 8^^ the plane 
FOQ contains P and three points on 0$ and 8^j the projection is 
therefore a triple point, and the projection of the curve is a quartic 
curve, as in xxxiii. (8), which can have only one triple point. 

(7) Let w + \t7 = give the cluster ; wh6n X = X', let the coni- 
coid pass through a third point in AB^ which is then a generating 
line, ab is a generator of the opposite system to AB. As the plane 
turns round ABj ah generates the conicoid w + X't? = 0. JB is a 
point ij|;i the base, plane abE meets the conicoid (X') in a generator 
UF of the same system as AB^ so that EF is a fixed chor£ 
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(8) Tbe cable surface must contain 6 x 3 + 1 E 19 points. As 
in (5)^ complete intersection of 8^^ S^ is C^, that of S^j 8^ is G,', G^. 

I. GJ, 8^ give 6 points generally, :. (7^, GJ give 18 - 6 = 12. 

II. Wben CJ = L\ C7,', L' a generator of 8, common to 
8^, 8^, iS;, gives 6 points, Art. 451, C;, 8^ 4 points, C?/, G^ 8 points ; 
(7,' a section of /S,, common to 8^^ 5^, S3', gives 10, Art. 452, X', 8^ 
gives 2, Cg', (7^ 6 points. 

III. When Cj' = L\ M\ N\ if of the same system, Og', 8^ give 
12 points as in i; if one be of opposite system (7/, 8^ give 13; 
.'. (7g', (7g give 6 or 5 points. L* a generator of 8^ gives 6 points, 
JIf' and N' each 2 or 1 point more as they are of the same or 
opposite System to X', C?,', C^ give 8, 7, or 6 points. X', Jf ' both 
on /S, give 12 if of the same system,. JV"' 2 or more, as of the same 
or opposite system, C^', C^ 4 or 6 points ; if L\ M' be of opposite 
systems they give 11, and N' one more, .'. (7^', G^ give 6 points. 

X', 'M\ if' all on 8^ and of same system give 18 points, (7^', G^ 
do not intersect, if one be of opposite system, they give 16 points, 
and G^j G^ give 2 points. 

(9) Let X, My Nhe the cones, and let X, ilf and X, ^intersect 
in plane curves, planes intersecting in the common chord GD ; refer 
to ABGD where A and B are vertices of M and N. For the 
vertex of X, la = ?w^, 7 = 0, 8 = ; let X, Jlf intersect in a = 4)9, 
Lj Nm P^ h'a. The equations of L^M^N are 

(Za-»n^)(^7 + jB8)-H(778 = 0, (ZA - m) yS (-47 4 58) + OyS = 0, 

and (Z- m*') a (^7 + Bh) + C^yS =± 0, 

:, M and ^ intersect in the plane (I - mk') a^(lk^m)fi, 

XXXV. 

(1) The tangent plane at (f, 17, 5") is xj^-^yjiji-xl^^Zy the 
volume dc {17^, /. constant. 

(2) Since at any point (f ,17, f ) of the surface v^—aiv^O^^V^ I ? ? 

for the tangent plane afi;?(^/f' + y/i7* + «/D = «(^?+55 + f?)) 
/. the intercepts Bxe ^ja^ v^la^ ^'^ja, 

(3) Art. 525. The normal at P is the radius PG of the gene- 
rating circle, whose plane is inclined at Z & to that of zx^ draw PM 
perpendicular to the plane of xy^ the projections of GM and PG on 
Oa: are equal, .'. cosa=sin7cos0, similarly cos /8 = sin 7 sin ^; the 
coordinates of P are (c-^a sin 7) cosa/sin7, (c-\-a sin7) cos)8/8in7, 
and a cos7.. 

i. 7 constant, locus is two circles parallel to xy. 

ii. a = ^, ^ = i7r, locus is two circles in a plane through Oz 
bisecting LxOy. 

u 
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» 

(4) Let Ij m, n be the direction-cosines of tbe normal, 

F'(x) + F'(a)daldx = lp^ f {x)-\-f' {a)dafdx^l<T^ &c., 

p and a being the same for the three direction-cosines, eliminating 
dajdxj the ratios I: mm are foond. 

(5) For the projection of the normal at 

(acos^sina, isindsina, ccosa), a;i?/cos^-&y/sinff = (a'— i*)sina, 
find the envelope, being the parameter. 

(6) In the question, for a:* + y* + aa? read a* + y* + az. The 
tangent cone at the origin is aV = (c*-a*)(aj* + y'), which becomes 
aj''4-y*«0 when a=0, and «*=0 when a^c. Writing r* for cB*-hy', 
and a = c sina, the equation becomes 

(r T ^c cosa)' = c sina (c cos*a/4 sina - 2), 

the surface is generated by revolution of two parabolas about the 
axis of Zj z^(c*^a*)l4ta is the equation of a singular tangent 
plane. 

(7) Let (x'-'a)ll={y'-ff)lm = (z-'y)ln = r be the equation 
of a tangent to the curve of intersection of the surface with the 
tangent plane aa'a^+...= l; since (a, ^, 7) is a double point on 
the curve, three values of r must be zero, 

/. aa"Z+...=0 and aa? + &i8m' + C77i* = 0, 

and if (Z^, tWj, n^) and (7„ wi„ n,) be the directions of the tangents 
at the double pomt, 

y, : m^m^ : n,w, = (10" + (y/)laa : (07' + aa^lbff : (oa' + &/8')/c7 ; 

the condition of perpendicularity gives the result. 

(8) When z is indefinitely large, bx^ vanishes compared with 
the other terms, and the asymptotic surface is (z + y)' = az, 

(9) A straight line drawn through any point (x, y, g) in the 
direction (X, /it, v) meets the surface in two points at infinity if 
(ax- l)\ + bi/fi + czv = (l)^ ond a\* + bfji* + cv'—0] (1) gives 
tbe asjrmptotic plane containing all asymptotes parallel to a side of 
the cone ax^ + by* + cz* = 0, and the asymptotic surface is the cone 
a(x — a'^y + by^ + c«' = 0, of which every asymptotic plane is a 
tangent plane. 

(10) The directions of asymptotic lines through a point (ar, y, «) 
are given by Xa:/a'+MyYJ'~i/2j/c'=0 (1), and X7a'+/t76"-i/7c'=0; 
but, if xja^yjb and « = 0, \la = - filb = ±vlc's/2, :. all the 
asymptotes lie in the plane (1) or xia - y /6 T V2 «/c = 0. 
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XXXVI. 

(1) A corresponding surface where ^*»x*/a &c. has the equa- 
tion (f + iy' + r)' -3 (f + «?')- r + i = 0, and is generated by the 
revolution about the axis of z of the curve on plane zxj 

(r+r)'-3r-r+i=o, or (r+r-})'=2(i-?o. 

There are two double points on the axis of « at f = ± (2)"*, the 
tangents at which are inclined at ± ^ir to the axis ; t= ± 1 gives 
two double tangents. The former generate on revolution two 
conical points, the latter two singular tangent planes. 

(2) The shortest distance between two consecutive generators 
is perpendicular to both and therefore to the fixed plane^ the tangent 
plane at a point in the line of striction contains the shortest distance 
at that point and the corresponding generator, hence the normal is 
parallel to the fixed plane^ 

If (f , ffj ^) be a point in the paraboloid at which the normal is 
parallel to either asymptotic plane a;/aTy/6=0, f/o*:«7/ &'= a : ± i. 

(3) Every straight line in the plane z = meets the surface at 
two points at infinity^ See Art. 519. 

(4) The plane y^mx intersects the surface in another plane 
« — a + (i5 — fe) wi' = 0. The section by the plane y = ^8 touches the 
line a = 6 wher6 a* = 0, and s = a is an asymptote, the curve lying 
between the two lines z^a and z^b. When z is infinite alone, 

(5) By turning the axes of x and y through 45° the equation 
assumes the simpler form z (2x^±W) + 2axy = 0. Both surfaces can 
be generated by a straight line moving parallel ioyz and intersecting 
the axis of a; ; for an infinite value of a;, the generating line is in 
the plane of xy ; for if »= — niy, ?» = when ^ = or oo . 

With the upper sign in has a maximum value ajb V2. 

With the lower sign as x changes from to oo the generator 
twists from the plane xy through 180°, crossing the plane of az 
where « = i/V2. 

(6) Write the equation (ti-c)'=4v, the equation of the tangent 
plane is (f — 4?) {u — c — 2(u- a?)}+...= 0, 

or f (205 — tt — c)+...= 2(ai*+y +«*) -(w+c)ai=u*- 4t?— 0tt=sCM-c*. 

2{(2y~tt-c)(2i5-t«-c)} = (u-c)*-4M(tt + c) + 3(M+c)' = 4o', 

(2ar - tt - c) (2y - tt - c) (2« - w - c) = Sayz + 2c (u* - c') = 4c* (« - c) j 

/. the sum of the intercepts = c. 

(7) Let the equations of a generator of the surface be x^smz-^a^ 
y = nz + b^ where w, w, a, and b are functions of one parameter ^, 
the variation of which gives rise to the different positions of the 
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generator. Show, by taking planes through each of two consecutive 
generators parallel to the other, that their shortest distance is 

(AmAb -- AnAa)/ VK^wi)* + (An)' - (mAn - nAwi)*} ; 

Am =sdm + ^d*m + ^(Pm +••» ; and similarly for An, Aa, and Ah ; 

.". AmAb— AnAa^dmdb—dnda + ^(dmd*b+dbd*m''dnd*a'-dad*n} 

+ terms of the following order higher than the third ; the denomi- 
nator is of the first order, and by the data dmdb-dnda = f{0}{A0y 
is zero for all valaes of 0j :, d7nd*b-\- dbd^m—dnd^a-^dad n = 0, and 
the numerator is of the fourth or higher order, whence the theorem, 
which is due to Bouquet. 

(8) Let P and Q be (0, 0, ej and (Zr, iwr, c), where Imc = a ; 
shew that the tangent plane at Q has for its equation 

(e--e)lmr^c(l!''-m^(mx — lt/) (1); 

and at the surface 

hence, where the tangent plane meets the surface 

xy (? — 7w') = Imr (Jx — wy), 

a hyperbolic cylinder, the section by the plane (1) is the hyperbola ; 
the tangent to the section at P lies in the plane Ix-^my^^O. 

(9) Let ^ + c = be tl^e equation of the horizontal plane, 
(f , ffy ^^^ luminous point, referred to the axes of the ellipsoid 
i"/a* + y*/ J* +»*/<?*= 1. Putting « = -c in the equatioa of thq 
enveloping cone, vertex at the luminous point, we have for the 
shadow the equation 

(ria' + v'lb' + ^l(^-l)(^la'+y'lb^:=(x^la'-^yvlb*^^lc^iy. 

In order that the shadow may be circular, ^ ori; must vanish ; let 
f = 0, the equation becomes 

Wlby r/c"- i):^lc^+(^le' ^ l)y'/&'+2 (r/c+ Oyi;/ J'- (?/c + 1)» ; 
equating the coefficieots of of and y*, (^Ic^ — 1) (a* -» 6*) = 17'. 

fjszQ would give an ellipse within the ellipsoid. The square of 
the radius is a*(f/c+l)/(f/c— 1), which is independent of b for 
a given height of the luminous point. 

(10) The plane Ix-^mtf + nz—i touches the given conicoids 
if ra + w"i + n'c = l and ?a' + w*6' + nV = l; 

.-. P (a cos'^ + a' sin*^) +. . .= 1, 

shewing that the plaue touches the third conicoid* 

xxxvn. 

(1) The tangent plane to the torse must contain tangents to 
both circles, which must therefore intersect in Ox ; let their equa- 
tions be a; cosd + y sind = a and a; cos0 + is sin0=sc, so that 
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a&ec0 = c sec^ (1) ; for the plane containing both, 

a; — a sec^ + y tan6^ + z tan = 0, 

and, when 2c = 0, s,m0yla-i-Bm<l>zlc= 1, which is a tangent to the 
conic y/zS + «77 = 1 (2), if ^8 sin'^/a' + 7 sinV/c* = 1, or, by (1), 
(^8 + 7) 3in'^/ a* + 7(a -c*)/aV= 1; hence for all values of ^, 
7 = — )8 = a*c^j(a^ — c*) and the torse touches (2), 

(2) Writing p* for «' - «*, the equation reduces to 

Sy'Cp =F 2a) = (p T a)'(± 4a-/)), 

/. every real section parallel to zx consists of rectangular hyper- 
bolas, the extremities of the transverse axes lie in the curves, 

3y* (a: qp 2a) = (a: ? a)* (4a T a?), 

which have conjugate points where ^ = ± a and y » 0, the corre- 
sponding hyperbola being a conjugate line in zx. 

(3) The section of the asymptotic cone by the plane at infinity 
has a double point, the tangents at which are the inflexional 
tangents, and, by Art* 475, the surface generally touches that plane. 

(4) By Art. 517, \* = ±/av, and the inflexional asymptotes are 
the intersection of the planes ± 2x\ — yv — zfi^^O, and conicoids 
6XV - (yv + 2zfiy + 3«V * 2a*\' = 0, and where they intersect 
{yv — «/*)* ? 4a'X' = 0. Hence the hyperboloid of one sheet gives 
real and that of two sheets imaginary inflexional asymptotes. 

(/)) The equation of the polar plane of a point (/, ^, A), being 
/^/(a + A) + ^y/(i + A;) + A«/(c + ^) == 1, involves one parameter, 
therefore, by Art. 484, it envelopes a torse. The foot (f, 17, f) of one 
fji the six normals from (/, g^ n) to the confocal a^/(a + A') +...= 1 
is given by (a+A')(f-/)/f =...=.. .= p, /. f (a+A'-/3)=/(a+A') &c., 
and the tangent plane at (f, rj, f) is /aj/(a -h A' — /?) +...= 1, which 
is one of the polar planes enveloping the torse. 

(6) The equation of the tangent plane to one of the confocals 
j?7(« + A)+...= l is Za? + my+w«=»{Pa + m''6+w'c+A(Z*+m*+n')}*, 
and the tangent plane to the torse is common to all the confocals, 
/. f*-f m" + n' = 0; let 97i = t7cos0, n = tZsin0, a point in the edge 
of regression is the intersection of three consecutive tangent planes, 
and its coordinates satisfy 

X + iy COS0 + iz sin0 = (a — J cos*^ — c sin'0)* 

— iy sin0 + M? cos^ =:(b-^c) sin0 cos0 (a — 6 cos'0 — c sln'0)"*, 

and — ty cos ^ — ts sin ^ = (i — c)(cos''^— sin*0)(a-6 cos'0- c sin*^)"* 

— (6 — c)* sin*0 cos*0 (a — 6 cos*^ — c sin*0)~*. 

The coordinates of the projection on the plane yz are given by 

J-iy =s(h^c)(a^ b) cos'0 (a — 6 cos'0 — c sin*0)"^, 

iz = (i - c) (o^ — c) sin'0 (a — i cos*^ - c sin*0)"^ 
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•'• {y V(i -«)]* + {« V(c - «)}* = (i — c)^, which is the evolute of tho 
focal conic yl(b - a) + «*/(^ — a) = 1. 

(7) The plane ^+^ + ^ = 2 is a triple tangent plane containing 
the lines of intersection with the coordinate planes. Transferring 
the origin to the point (1, 1, 1), the equation is yz-i-zx-\-xy+ayz=^Oj 
the new axes lie entirely in the surface, and are generating lines 
of the conical tangent yz + zx + a!y = 0, but not double lines on the 
surface. For the last part, if (x^ y^ z) be the point of contact, 

l:m: n:p=yz — l : zx — liay — l: 2(a?+y + « — 3), 

but (zx--i)(xy- l) = aj(a; + y + » — 2) — a;(y + «)+ l = (i»— 1)*, 

.-. 4p"'«2n = (^-l)'/(a!+y + «-3)', &c., 

.-. (mny + (niy + (Imy = ^p. 

(8) Take for the origin and the normal for the axis of ^, the 
equation of the conicoid will be 

aa* + by* + cz* + 2a yz + 2b' zx + 2c*xy + 2a" a = 0. 

Let the equations of a chord in the plane ot ay be 2 = and 
cue + )3^ = 1} /.at the extremities of the chord 

oaj* + by^ + 2c' xy + 2a x (ax + ^y) = 0, 

which gives the tangents of the angles subtended at by the 
segments, /. a -h 2a"a == Cb, where C is the given constant ; simi* 
larly if y = and a'x -i-yz^si be the equations of a chord in zxj 

a + 2a" a' = Gc. 

Shew, by turning the axes Oy, Oz through any angle, that 6 -t- c 
is unaltered, /. a + a' is constant. 

(9) Take a^-\-y' = a^ for the circle, and the axis of x in the 
position of the generating line when in the plane of the circle ; for 
any point in the. generating line, when it has revolved round the 
tangent through an angle d, 

x=^(a + zcoi0),cos2d and y=5(a + «cot^)sin2^ (l)j 

all the generators pass through Ozj the line in which the surface 
intersects itself; the tangent plane at any point (0, 0, h) in 0& 
is inclined to the plane zx at an angle 20, where & = — a tand. 

As in Art. 494, for the projections of the shortest distance which 
is perpendicular to consecutive generators (0) and (0 + d0)y 

cos20 8x + Bm20By + tand Sa = 0] 

and — sin208aj-f cos208y — Jsec'^Sa 

also, by (1), writing r for a + « cot 0y 

So? = - 2r &in20d0 + Sr cos20, Sy = 2r co820d0 + 8r sin20 j 

.-. by (2) tan0S« + Sr = O, 2rd0-^BGO*0Sz=^Oj 

and Sr = cot0Sz--zcoBec*0d0y /. t^nd Sz^zd0, 

whence 2r = 5?/sin20, or 2y = z. 


:2} ••••(^). 
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(10) Prove, as in Art. 495, i, that 

— a^x sin a + h^y cos a — (- e)iz = 0, 
also a*^ = cos a + (— c)h sin a, i*y = sin a - (- c)h cos a, 
whence z ; and the second result comes from z being a maximum. 

(11) Qj the polar plane of P, (/, g^ A), with respect to tte 
confocal cx?l(a + fc) +•..= 1 (1), intersects the torse in the line whose 
equations are xfl(a + Jc)+...^l and ic/'/(a + A;)'+-..= (2), in 
which Q intersects the consecutive polar plane ; let (a^ y\ z') and 
(«", y", z") be two points J2' and E* in this line, the polar line 
of EE' with respect to (1) is the intersection of xx'l(a-^ k) +...= 1 
and fl:aj'7(« + *)+•••='! ; 01*7 si^ice 5' and J2" are points in (2), 
(aj— /)a;7(a + A;)+...= and (^-/)a;'7(^+^)+-**=^; if (^,w, w) 
be the direction of this polar line Z : m : n = {y'z"—z'y")(a-\-U) :...:..., 
but by the second equation of (2), 

yV'-^y :...:...=//(« + *)»:...:..., 

/. l:m : n =fl(a + k) : gl(b-\-k): hj{c + K) ; 

hence polar line of EE' is perpendicular to Q, and its equations are 

(a + kX^-f)l/^(b + k)(y-g)lg = ic + k)(z-K)lh, 
/. the quadric cone generated is (i — c)//(aj —/)+...= 0, which is 
satisfied by (a-f^,) («—/)//=... = ••., the normal to any confocal 
through P, and obviously by lines through P parallel to the axes. 

XXXVIII. 

(1) Take for the conicoid aa:'' + &y' + c«* = l, the polar of 0, 
(/>.9'i *)> is a/2; + %+cA« = l, that of P, (^,17, ?), a^ar+%H-cgs?=l, 
by the condition of perpendicularity ayf +&*(7i7+c*A5'=0, a plane 
diametral to chords whose direction-cosines are proportional to 
of J bg^ ch, 

(2) Take -4P, . CD of the fundamental tetrahedron for the 
common generators, the equations of the two hyperboloids will be 
ayz + hzx + cxw + dyw = and dyz + . . .= ; a generator of the 
opposite system, whose ecjuations are y=\x^ w^^fiz^ will be common 
to the two hyperboloids, if 

aX'{-b + c/jb + d\fi = and a'X + 6' + c'/Lt + d'\/A = 0; 

there will therefore be two such, and the four intersections with 
AB and CD will be the four points of contact. 

(3) Let A be the point in which the four lines intersect, and 
let a conicoid pass through the arbitrary points on three of the 
lines, and one of the points P on the fourth line, cutting it in a 
second point P' ; the polar plane of A with respect to this conicoid 
cuts the fourth line in a point iJ, then -4P, AB^ and AF' are in 
harmonic progression, and P' is therefore not an arbitrary point. 
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Hence tbe only conicoids which satisfy the conditions are cones 
passing through the four lines, and, as particular cases, pairs of 
planes each containing two of the four lines. 

(4) Izx + myw = is the form of the equation of the conicoid 
referred to ABGD^ tetrahedral coordinates. The polar plane of 
the centre of gravity (i? ij ii i) is lx'\-my + lz'^mw = 0^ which 
meets AG and BD where a; + y + « + w7 = 0. 

(5) The equations of the tangent cones at A and B are 

mzw + nvyy + ryz = and hw + nwx + rxz = 0, 

WM? + r2? = is the equation of a common tangent plane, ly-mx = 
is that of the common plane section, containing the edge CD 
opposite to the common line AB. The six plane sections meet in 
the point xll = t/lm^zln==wlr. 

(6) For the centre lz-\-mw=nz+rw = la+nt/ = mx+ryj whence 
xl(r'-n}=ylQ--in)=^zl(r—rn)==wl(l- w). If the centre be at 
an infinite distance x-\-y + Z'{-w = 0. Tor the line joining the 
middle points (^, J, 0, 0) and (0, 0, ^, ^). a;-i = y-i = -« = — w, 
/. x=iy and z==w^ and the line lies in tne surface when 

Z + w + n4-r = 0. 

(7) The equation of the tangent plane at (x, y\ z\ w?') is 

i. At the points (0, y', 0, u^') and (cc', 0, z\ 0) in 52>, A (7, 
for the tangent planes lyx — mwz = and Ixy — «i«'w = 0, and the 
line of intersection is on the plane aj + y + « + t(7 = 0, 

.-. y'\m^-w*\l^\Hm^l)^x\m^-'Z'\l^ 

and x' ==y\ z*=^fff\ or the centre is in the line bisecting AB and 
CZ), see (6). 

ii. At P and Q, Ix^ = ly';=mz^= mv? ; /. by (1), for the tangent 
planes, (aj+y) f>Jl±iz + w) sIm = 0, shewing that they are parallel. 

(8) It should have been stated in the problem that a is the 
intersection of the tangent planes at B^ (7, Z), and similarly for 
6, c, and d* 

Tangent plane at J, «y + 7n«+ Ivo =0, (1) 

B^ fix + ?« + wi'tt? = 0, (2) 

C^mx-\-ly +n't(?=0, (3) 

i), I'x + my + n'z =0. (4) 

i. Each of the points a and b lies in the planes (3) and (4), and 
therefore, eliminating or, in the plane (II' -- mm') y - mnz+Vn'to^^Oj 
which contains A. Also where -4a, Bb intersect, B is in the same 
plane, unless a and b coincide, hence, except in this case, W = mm'^ 
.the same condition as that for the intersection of Cc^ Dd. 
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When a and h coincide, (I), (2), (3), and (4) are simultaneous 
equations, the same as when the centre is on the surface ; thus the 
surface is a cone, a, 2>, o, d in the vertex. 

ii. When the surface is not a cone, abed is a tetrahedron and 
IV = mm = nn\ 

, (9) If the fidrfatce were ruled the tangent plane at D would 
intersect the surface in two i*eal lines, .•. xll-\-ylm-{'zln = 0(iy 
and lyz rf mzx + na^y = should give real values of x: y^ but tne 
roots of x'jP-i- y'lm* -^^ ayjlm^O are impossible. 

The centre is given by sjl'-xll^ ^slrn — ylm*^.**^ where 
« = ;i?/Z+y/m + «/?i + t^^/r, whence, it a+y-\- z + tb^O^ 

*(Z + w + w + r)/(Z* + fn* + n*-f r-*) = (45-5)/(?+«i4n + r). 

The intersection of the taneent plane at D with ABG by (1) 
satisfies the equation xjl-i- y^m + zfti + wjr a j similarly for 
Aj B^ and G* 

XXXIX. 

(1) Let 8 A be a perpendicular from S^ the origin of recipro- 
cation, Art. 554, and let a be the point which corresponds to the 
plane of the circle. Join 8 to P any paint in the circle, and draw 
dp perpendicular to 8P^ and a Q parallel to BP meeting AP in Q^ 
A plane thfodgh ap perpendicular to 9P corresponds to P and is a 
tangent plane to the cone reciprocal to the circle, and aQ is a 
generating line of the Cone reciprocal to that cone ; and since the 
locus of (? is a circle, the plane perpendicular to 8A is a cyclic 
plane, and a8 is therefore a focal line of the cone reciprocal to 
the circle. 

(2) The trace of the recipi'ocal of the conic section ()to itei plane 
is a circle. 

(3) Take the section APE cutting the focal line V8 of the 
cone in 8, By Xl^^VII. (4) the locus of the feet of the perpen- 
diculars from 8 on the tangent planes is a circle: hence the 
reciprocal of the cone with respect to iS is a circle in the plane 
corresponding to F*, which is therefore parallel to APB. Since P 
is in the plane containing 8^ and the point corresponding to that 
plane is in V8 at an infinite distance, the plane corresponding to P 
is a tangent plane to the circular cylinder whose generators are 
parallel to V8'^ and this cylinder cuts the plane in a circle, the 
reciprocal of APB with respect to /S, which is therefore one of 
the foci. 

(4) The reciprocal theorem is that if a conicoid circumscribe 
a tetrahedron ABCD^ and the tangent planes at A and B intersect 
the opposite faces in two lines which lie in the same plane, and 

I 
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therefore intersect, then the same will be true for the two liheii 
corresponding to C and D. 

ayz + izx + cxy + dxw + eyw -^fzw = 

being the equation of the conicoid, where the tangent plane at A 
meets BCDj cy + bz -{-dw — O and ^ = 0, and for the line corre- 
sponding to Bj cx-{- az-\- ew = and ^ = ; the two lines intersect 
if bja^dje^ which is also the condition that the Other two lines 
intersect* 

(5) The polar of (^, rj, f ) with respect to the auxiliary conicoid 
will be a tangent plane to the surface aa3*+...= l, if its equation 
(h'^-\- c'i])x+...=^ 1 coincide with aa;'a5+...= 1, where aa;'*+.*-= 1 f 
.'. h'^~+ c'r) = ax*y &c. 

(6) Let p be the distance from the origin of the point (f ^ rf, 
corresponding to the tangent plane la + my + nz^p^ 

but (yz — 2ax)l^=^(xZ'-2ay)l7f^ ,\ ^x-^rfy = and ^z^aCj 
:. z^f] + a (f + rf) = 0, or c^tj + ?(f' + v^) = 0. 

(7) Let (/y ffy h) be the point 0, (Z, wi, n) the direction of one 
of the lines OP, and let ao^ + by' + c«* = 1 be the given conicoid. 
The equations of the reciprocal of OP are 

q/a;+...= l and alx+,.,= (1). 

Show that the condition of perpendicularity is 

fll+g'lm + h'ln = (2), where /7/=6-*- c"' &c* (3); 

hence the lines OP lie on the cone fj{ps—f) +...= 0. 

The envelope of the lines (1), subject to the condition (2), has 
equations f\/(/'ax)-\- '\/(g'by) + fs/{^'cz) = and a/a; + ...= l; if this 
be a parabola, its projection on the plane xy will be so also, and 
the condition is flf+glff + A'/ A = 0, which is true by (3). 

(8) Let a plane be drawn perpendicular to the common focal 
line through any point 8 in it, 8 will be a common focus of the 
three sections of the cones, and the reciprocals with respect to iS 
in the plane of the sections are three circles, whose radical axes 
meet in a point, therefore the intersections of the common pairs 
of tangents which correspond to these lie in a straight line ; hence, 
since the common tangent planes of the cones contain these tangents, 
the theorem follows. 

(9) (f, rji S> ^) being the pole of the tangent pkne at 
(^', y'y z\ w'), ^x -Vjiy — 5« - WW = is identical with 

y'o: + a?'y — Am?'^ - ^«'w =s 0, and xy' ^kz'w\ 
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XL, 

(1) Since the minor axes are equal, the products of the perpen-* 
diculars on parallel tangent planes from the common focus 8 are 
equal in the two surfaces ; also the powers of the two spheres which 
are the reciprocals of the surfaces with respect to '8 are equal, 
therefore 8 lies in the plane of the circle in w^hich the spheres 
intersect. The reciprocal of this circle is the cylinder enveloping 
each of the two surfaces, and 8 is the focus of the section of the 
cylinder by the plane of the circle, 

(2) Let E denote the conicoid, E' its reciprocal with reference 
to 8; then there correspond, (i) to 4, ^, G in Ej three tangent 
planes to E' at right angles, (ii) to the envelope of the plane ABG^ 
the locus of the intersection of perpendicular tangent planes, which 
is a sphere concentric with E\ see prob, XXII. (8), (iii) to 8 and 
its polar plane with respect to E, a plane at infinity and its pole, the 
centre n 0. Reciprocating bac^, the envelope of ABG is the 
reciprocal of the sphere, viz. a spheroid, whose focus is 8 and 
directrix plane the plane corresponding to 0, which by (iii) is the 
polar plane of 8 with respect to E. 

(3) Reciprocating with for the origin of reciprocation, we 
have for F, a plane ; for the cone, a conic in that plane ; -for the 
tangent planes, points on the conic; for VP, VQ and FJK, chords 
of the conic; for P, Q and B, planes through those chords mutually 
at right angles; for the envelope of PQB, the locus of a point 
from which three perpendicular lines pass through the perimeter 
of the conic. 

If the equations of the conic be aa;* + J^* = 1, « «= 0, that of the 
locus will be, by XVI. (12), aa;*+ Jy'''+ (a + J) «' = 1 ; the envelope 
of PQB is the reciprocal conicoid, 

(4) The tangent plane at (a?', y\ z\ to') has the equation 

I {m,y' H- nfi -f rw) »+...= 0, 

which must be the same as that of the polar a^a;+-**=0 of 
(f , 17, f, w), the point in the reciprocal corresponding to the tangent 
plane; .*. Z(w/ + n«'4->w?')/af.=... ; for af /Z + &9;/77i+... write j8i 
show that Ix : my' : nz' : rw = 8-3a^ll : /S— Sbrjim : ..., and that 
a?«'+...= 0, .-. '^•-3{(af/0*+(&i7M'+...} = Q. 

(5) See Art. 525, Let T be perpendicular on a tangent ta 
the generating circle in any position, and take Q in OY such that 
OQ.OY=B'^] then, if 6 be the inclination of OF to the plane 
otxt/^ Or=a+ccos^, OQ' = r*-\-z% and 0^cos5 = r, 

/. a«(r' + «*) = (i?'-cr)* (1) and r« = a?' + y'. . 
The reciprocal surface is generated by the revolution of th^ 


t 

60 PROBLEMS XL., XLI. 

hyperbola (1) about Ozj which it intersects where z^B^ja^ near 
which point let z^B^la^-^^ sjabstituting Jn (J) apd neglecting 
(^' and r*, cr + af=sO; nence the angla of the conical tangent at 
the multiple point is 2 tan^* (a/o) = tt - 2 tan"' (cja)^ 

^ (6) Let (f , r;, f ) be the pole of the tangent plane at (a?', y\ «') 
with respect to the point (a, )8, 7), .'. (f - a)(^- a)H-,,,=^- apd 
(ax* + cy + iV) «+...= ! are identical equations, hence 

|-a = (a«- + cy + 6y)p &c. (1), 

and jB' + a(f-a)+...-p (2), /. a5'(f- a) +...= /> (3), 

EUlpioating y' and «;' from equations (1), 

pAaj'«^(?-,ra)+(7'(i7-i8) + ^'(?-7)&c,, Art. 391; 

the result follows fron> (2) and (3). 

(7) If (a, ^, 7) be a point on a focal conic, the reciprocal 
fsiirface of the last probleni will be f^ surface of reyoliition, Art. 564| 
]bience, bj Art, 414, 

and B'G'•^AA'^a:^, 

/. [-4^7 + a(-4'a-^'/S-C"7) + aT/(A/37-^')=-=-^ 
When the equations (1) become iudetermiqate in particular 
cases, as when the surface x^ja-^y^jb-^z^lc^^l is given, the 
pecond form of the conditipp for ^ surface pf reyolutipn in Art* 4H 
must be used. 

(8) When the reciprocal of prob. (6) is a sphere, 
Aa'-^=A/3'-5=Ay-(7, and A/37=^', A7a=^, Aa/3=C'; 

/. Aof^A=^B*G'IA' ^A^Aa'lA\ so that A fa' ^B'fV ^ G' jc', 

which is the condition that the original conicoid be one of revolutionj 

and (Aa'~^ + ^)(Aa'-4+C) = A-/3'y = ^^ 

xu. 

(1) Since the vertex of any cone passing through the inter-! 
section of the two cpnicoids must lie in the common generator, the 
fundamental tetrahedron required in the article does not e^ist* 

(2) t« + v' = and w + v" = are the forms of the equations of 
the conicoids touching that for which u^Q; and they intersect 
where v^±v\ 

(3) The equations must be of the forms tf +vt(?s=0, u+W=0, 
^ -f vw'* = ; the conicoids intersect where t? = and w^to ^ to". 

(4) Referring the conicoids to the tetrahedron ABGDj their 
equations are la^ + my* + nz* + rw* = and Hx* + m'y* + n'«' + r'w* = 0, 
^nd {that of the cone whose vertex is A is 

(Z«i'-Z'm)y' + (?ii'-Z'fi)«' + (Zr'-ZV)tt;' = 0. 
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The tetrahedral coordinates of points in the plane BCD are 
proportional to the triangular coordinates in that plane referred to 
the triangle BCD. 

(5) Refer to the tetrahedron whose angular points are the 
vertices of the cones determined by the eight points, the equations 
of the conicoids being tc^ + my +...= and ZV+ wi^ +...= 0; 
\ : fi will determine a paraboloid if (iA.+ Z'/i)'^+(mX+w'/A)"*+..«=0, 
giving three values. 

(6) Let \u-\-fiv=0 be one of the cluster, (/, g, A, k), (/*, g\ A', *') 
two points P, Q in the filled line ; let Z7= 0, V=^ be the polars 
of P with respect to tf = 0, r = 0, and let ?/' = 0, F' « be the 
polars of Q ; the equations of the polar with respect to Xt< + /^v = 
are \Z7+aaF=0 and \U\ikT^% :. Z7F'=FZ7', and U, U\&c. 
are linear functions. 

(7) Usiflg the form of the giBp^ral equation of a sphere in 
Art. 588, since the sphere touches 4P| 9=^0 and w=iOy 

gives equal values of * : y, .% 4pjr = (i? + J - P*)*> whence c =^*+ j*, 
similarly c' = r* + 5^ 

Geometrically. The sphere touches the edges internally, or 
three externally and threie internally ; the three tangents from each 
apgular points are equal, the result follows. 

(8) Each of the non-rintersecting lines containing three points 
must li^ entirely in the surfacci which cannot, therefore, be a cone ; 
let ABy CD be these generating lines of the surface, P, Q the 
other two points ; a plane containing AB and P meets CD in some 
point jD, and DP meets AB in some point J9, /. DB containing 
three points is a generator, similarly A C containing Q is a generator. 

Referring to the tetrahedron ABCDy the equations of any two 
surfaces containing the eight points are 

lyz'\-nxv)^0 and I'yz + n'xto^Oy 

and those of the polars of (^, 17, t, co) are 

Z(J^ + i75j) + n(c»a:+ f«?) = and T (Jy + 175?) + n' (©a; + f m?) =» 0, 

and these will be fixed if either f=0, 17 ==0, or » = 0, f = 0, that 
i§, when (f, 17, 5", ©) lies in A J) or BO* 

(9) The equ^tipn of a conicoid containing AB and C7i) is 
lyz + m«a? + nxw + ryw^ 0, and if the plane -4a? + By + Cz+Dw =5 
is a tangent plane at the point (^, 17, ^, cd), its equation must bo 
the same as (mf + n©) x + (Zf + r(o)y +..,= ; hence prove that 

5 : 17 : f : 01 == (7r - -P/ : Dm - Gn: Ar — Bn; Bm — -4?, 

^nd 4f + ^??+ (7f+i)tt) = 0, 
shawing that the condition of touching a plane is a linear equation 
between l^ m, n, and r. 
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XLII, 

(1) Using the equations of XLI. (4) ; for the centre of 

and the four cones are found by eliminating \ and fju from an; 
three of the four equations. 

(2) As in XLI. (8) AB, CD of the fundamental tetrahedron 
may be taken as generatiag lines containing six of the points, and 
^ G as a third generator containing the seventh point, the equation 
of the conicoid being of the form lyz -{- nxio + rym=^ Oy for a para-, 
boloid the condition is Z + n = r, and any two paraboloids intersect 
where y (« + w?) = Q, «> (« +y) = 0, giving the three g;eners^to^s, an^ 
a fourth fixed line z + w^^Oj ;r+j( = Oat infinity. 

(3) Using tetrahedral coordinates, the equation of the contcot^ 
is mzx+nxw+rr/ip^O, and the first bisecting plane is x—y-z+w^O'^ 
the pole being (^, ri, t, o>), this must be the same as 

(m^'\' 71©) X + roy + v^^z + (nf + njt) m? = Q, 
whence ^ I v • ?• « = — r:w + w:w + »*: — »i, 
and the pole lies in the second bisecting plane x — y + z^w^^O. 

(4) Let M=0 be the equation of the tangent plane at an. 
umbilic {7 of a conicoid, the equation of the conicoid will be 
^— if* = 0, where 8 is the equation of a sphere,^ 8- M*=^U will 
be that of a conicoid touching the former along the section by 
i = 0; where Jlf=0, S=^U\ and if P be any point of the section, 
PM perpendicular to the intersection of Jf = Q and 2/ = 0, Let: PM 
and 8^PU\ :. PUcc PM. 

(6) When w = 0, the equation must be the equation of two. 
planes, and as in Art. 91 the points of intersection satisfy the 
equations c'x + Jy + a « = and & a? + a'y + C2 = 0, from which th^ 
result follows. 

(6) Let three conicoids of the cluster be 

u = oaj' + ...+ 2fyz +...+ 2^a;t^ +.,.= 0, 

v = aV+...= 0, tt? = a'V+...= 0^ 

and let Ax + By+ Gz + Dw = be the polar of {x\ y\ z\ uT)^ th^ 
same for each conicoid of the cluster, 

.-. (ax +hy' + gz' •^pw')IArs&c, 

and two similar equations, which 9 equations cannot generally be- 
satisfied by the 6 ratios x' : y' : z' : w and A : B : G : D. 

If (0, 0, 0, 1) and w = he the pole and polar which are fixed 
for all the conicoids, p^ q^ and r vanish for each of the three 
coniooids, and the intersections of the conicoids lie in two quadric 
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€one8 given by (aal^ + bi/^ -{- cz^ + 2fyz + 2gzx + 2A^^)/c? =...=..., 
whose vertex is at jD, so that the seven points must lie on the four^ 
lines of intersection of these two cones. 

(7) Let a, /8, 7, 8 be the lengths of the tangents to the sphere 
from A^ 5, CjD; the tetrabedral coordinates of the points of contact 
with AB and CD are 

/8/(a + /9), a/(a + /3)j 0, and 0, 0, 8/(7+8), 7/(7+8), 
jand ax^&y^ yz^Sw are planes containing both; /. ax=l3i/=^yz=Sw 
is a point which lies in the line joining the points of contact of 
AB and CD, similarly for the other opposite edges. 

(8) The polar of the centre (f, 1;, f, ©) is at an infinite 
distance, so that l^ = mtf = n^= rco, and the centre of a paraboloid 
being at an infinite distance f + 17 + ?+ ft) = 0. The paraboloid will 
be hyperbolic or elliptic as the equations /4?*+...=0 and «+y+0+u;=O 
give a real or imaginary curve, shew from 

tr* + my* + nz^ + r(x-\-y + zy = 0, 

that {(Z + r) oj + r (y + «)}* = Imnr (yin — zjmf. 

^he equation of b'ca isa; = ^or— a5 + y + « + t^ = 0, which is a 
tangent plane at a point whose coordinates are proportional to 
- f"\ 7w , n"\ r*\ Similarly for the planes c a'J, a'b'c and ahc 
omitted in the statement. The equation of the plane bcb'c* is 
x — y- z-\-w^O^ also a tangent plane, the point of contact being 
given by T', — w~\ — w"\ r'^ The plane in which the three points 
of contact with dab^ aVc^ and abc lie, has the equation 

— ?^ + my + w« + rt£? = 0. 

The four lined mentioned in the problem all lie in the plane 
Ix + my + wa + rw? = 0. 

(9) Let ABG of the fundamental tetrahedron be the plane 
containing five points and therefore a fixed conic, z^ = and 
Ix^ -f my' + Wig' = ; let D be one of the two points, so that the 
equatuDU of the conicoid will be 

ir* + my* + wa" + 22£? (\j? + /Ay 4 vz)^0 (1); 
the second point gives a linear equation between \, /a, and v. 

Let Ja5 + ^y + Gz-{- Dw = be the equation of a tangent plane 
to (1) at (x\ y'j z\ w), so that 

lx'-^\w' = pA^ my' '\- fiw' = pB^ nz' -{-vw'^pC^ 

\a+fJLy'-j-vz' = pD, and Ax' -\- By' -\- Cz -\- Dw = ] 

find x'j y'y and z' from the first three equations, and by the last two 
shew that p (A\ j I +...- B) = w' (\* j I +...) 

and p(A*ll-\-...) = w'(AXll+...^B)^ 

giving the quadratic equation 

(A\ll+...^By=^(A'll+...)(yil+...). 
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Each of the given tangent planes gives a quadratic equation 
which, combined with the linear equation, abore^ supplies four 
systems of values of X, fi^ v* 

XLlll 

(1) This property holds for any four spheres, Art. 137. 

(2) The equation of the cifcumsciibing sphere Is, Art. 587, 
a*ya + Vzx + <?xy + a^xw + V*yw + d^zw = (1). 

The centre O is given. Art. 589, by the equations 

<?x -f a^z + h'^w = 2E\ 

Vx + J'y + c^^ii) = 2fi", 

a^aj+i'V + <''*'« =2ir*. 

The square of the distance from O to any point P, (f , i;, f, w), 
»_a'(3r-,)(a-t)-J«(,-0(a!-f)-c'(a!-f)(y-i,) 

— a * (o; — f) (w — ft)) — ..• . 
The coefficient of | is c^y + J*;5 + a"w, = 2fi", 

.-. 0'P' = -5'»+ 2fi'«(f + 17 + ?+ ft)) -a'97?- J'?J- ... . 
Thus, if P be 0, (^IPoj -S/?o> •••) ^^® centre of the inscribed 
sphere, O'O" = -R" - ^ («V?o^o + •••)• 

(3) Taking the four points as the angles of the fundamental 
tetrahedron, the equation is of the form ^ 

ayg + b£x + ca^ + (a^x -f I/y + dz) w = 0. 

The equation of any plane through the intersection of the tangent 
plane at A with the face BCD is of the forhi 

owf 4- cy + Jjtf + aw = 0, 
for any plane containing the line corresponding to J?, 

cx^ Py'\-az-\' h'w = 0, 

and when these coincide 

b'la^ajby :. aa! =zhb'=^cc' — a suppose. 

Let Ax -\'By+ Cz + Dw = be the equation of a tangent plane 
at (x\ y\ z\ w') ; proceeding as in XLII. (9) 

2aJc^' = — <ravi + pa (— Aa •^-Bb-^- Cc)^ &c., 

and from the equations x'ja -k-y' jb-V z' (c = p^/cr and Ax' + ... = 
we obtain the quadratic equation 

(-4a + Pi+(7c-2a5c2)/o-)' = 3(2B6.(7c+...-^V-^...). 

The three given tangent planes give three equations of the second 
degree in a, &, c, and therefore eight conicoids. 
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(4) As in Art. 588, the equation of any sphere is 

(^px + qy-{'rz-{' sw) (ar + y + « + «?) —cfyz — ...— ct^xw — .,.^ 0, 

which becomes »a:* + yy' + r»' + «U7* = (1), if the fundamental 
tetrahedron be self-conjugate with respect to the sphere ; 

/. q^r-cf^ &c. (2), whence 2;? + a' ss 6« + c" and 2p + c * = t' + a", 

^ /. a" + a" = 6' + J" = c* + c", also p^lc cosjBui (7= a'6 cbs GAD (3), 

hence the projections of AB and jID ovl AG are each equal to -4^, 
^C is therefore perpendicular to the plane BND^ and so to BD. 

Equations (2) shew that only one of p^ q^ r, s can be negaitive, 
and by (1) one must be so; let p be negative, 'therefore, by (3), 
and since also p = coL cos BAD^ each of the angles at A is obtuse. 

The sphere meets AB in P and P', where px* + qy* = and 
p + gf:==c*, :.q>-'P, APIBP=^^(-plq)^AFIBP\ .'. A \s 
withm the sphere, which does not intersect BDy I>C, or GB; 
/. J?, (7, 2) are without the sphere. 

If B be the radiuSj the centre, by Art. 688 i)0' - i? = «, and, 

byAtt. 101, 2>0» = «-(2?"' + ?"' + r"* + O''- 

(6) Let ax* + by* + cz* + dw'^ = be the equation of the conicoid, 
Pj, P„ P,, P^ the angular points of a second tetrahedron, and 

^li Hv*"! ^s"M ^a"M ^4«" *"®J'^ coordinates. The polar of P^ 
contams P^, Pg and P^ ; .*. aarjaTg +... = 0, ax^x^ +...= 0, and similarly 
aar,ar^4"...= 0. If P„ Pg, P^ oe given, these determine the ratios 
a:b:c:d. Also Xj, y.... are given by aa:,a;j +...»■ 0, ax^x^ +...= 0, 
and aar^a;j+-^.= 0, ,\ P, is not in an arbitrary position. 

(6) Let the tetrahedron satisfying the conditions be the funda- 
mental tetrahedron for four-point coordinates. The tangential 
equations of the two conicoids will be 

UEaqr-^-brp + cpq-k-aps-^-b'qs + c'rs^O and V= Aqr -\- A'ps = ] 

using the notation of Art. 568, and the condition E(\V-i- fiV)^Oj 
see Art. 392, for determinihg the invariants, 

A'r^A'A'% &=^2AA'(Aa' + A'a) 

<I> = (Aa' + A'ay + 2AA' (aa' - bV - cc'), 

= 2 (Aa' + A'a) (aa' - bV ~ cc% 

whence 0'(4A'4> — 0") = 8A"0 is true for any other fundamental 
tetrahedron. 

(7) The tangential equations of the twoconicoids are p*ll-\-,..=-0 
and p'lV +,..= 0, /. A' = (lWn'r'y\ 

4> = (Ztwti V')"* + . . . , = (Vmnry^ + . . . . 

If we write Z', w', n , r' for Z, m, w, r and Z'7^» m'^jmy n'^jrij r'^fr 
for Z', w', n, r'j the new values of A', 0', &c., will be the old ones 
multiplied by ImnrjVm'nr'^ .-. the same relations as before hold 
between these invariants. 

K 
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(8) Keferred to another tetrahedron with parallel faces the 
equation is Z (« + a)* + w (y + ^8)' + n (2 ■+ 7)' + r (i<? + Sf = 0, which 
when made homogeneous must have no terms in x*, y*, «*, and w", 

hence Z(l+2a)=:w(l +2iS) = w(l+27) = r (1 + 2S) 

= -?««- ^^«-„y^rS' = A, 

/. 2a = */Z-l&c., /. 4ik + Z(^/Z-l)'-f.-=0j 

giving, with the condition, two real values of h 

(9) Taking the tetrahedron as the fundamental one, the equa- 
tions will be 

U= ax' +...H-2ay« +...+ 2a"xw +...= 0, 

This merely interchanges the U and V of Art. 568, thus & is 
replaced by 0, which consequently =aP+y8Q + 7jB+ 85^ in the 
notation of that article, and, as shewn there, vanishes. 

(10) -The equations of the two conicoids must be Ux+myw^-O 
and nyz + rxw = 0, shew that the discriminant of 

finyz + \lzx + firxw + \myw = is /juWr* + X*?m' — 21^fi'lmnr^ 

:. ^^^ = 4Z'wVr* = 4 A A'. 

XLIV. 

(1) ax(iaj+...= and &xdd?+...= give the ratios dx;dy:dz 
or f — aj : 12 — y : ?— «. The tangent line at x=y = z\s the inter- 
section of the tangent planes »!+ 617+ 05"= a;"* and if +ci7+af=^"\ 

(2) y" + 2ax = 4a', aj' + 2' = 2aa', take the differentials arid write 
/, g^ h for a?, y, «, a? — / for dx^ &c. 

For the normal plane dx : dy : dz^g : —a : — {/— a) gjh, 

(3) dx : dy : dz^^b—c) ajf : (c - a) 5/,9 : (a — J) c/A. 

(4) Let 7 be the constant angle, (r, ^) the projection of any 
point of the curve ; cot7 = dr cornea jrd^. 

(5) Let z=^ctj ic = rcos^, ^ = rsin*, r'(cos*^/a' + sin'^/A') = ]. 
Near the point (a, 0, 0) let a; = a + |, then neglecting terms of the 
order of y®, 2f/a=-y'/i' and y/a=;s/c; /. the direction-cosines of 
the osculating plane are as : dza^^ : —dyd'^ = : c : — a ; similarly 
for the point (0, &, ^irc) the direction-cosines are as c : : — J. 

(6) Take P as the origin and the axes as in Art. 651, FQr=sj 
QN: PQ - Pikf = s^l^pa : s^jQp'^^p: o-, neglecting higher powers. 

For the projection of the tangent at Q on normal plane at P, 

{v-s'l 2p) s' 1 2/3(7 - (f - s^l^pa) sIp = 0, 
or r)8l2a-^=s^l4:pa-s''jQpa = s''Ji2piTj 
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the shortest distance of the tangents is equal to the perpendicular 
from the origin On this line :=^QN. 

(7) I^et p be the radius of curvature, «', x" the first and second 
differential coefficients of a with respect to t 

fi" = 4(a'' + iV), « ' = 2i'e (a' + ivy*. 

(8) With the notation of Art. 6.34, /a-" = a?"' +y "*+•«'", A where 
p is a maximum or minimum ;i?'V"+...= 0, also ajV + ...= 0; the 
direction-cosines of the tangent to the locus of the centre of curva- 
ture are, by Art. 637, proportional to x' + pV'\ y* + /)*j?'", »' + pV", 
and those of the principal normal to x''^ y'\ z'\ 

(Q) Take the axes as in Art. 651. 2/5 = a^jy ultimately, 
i. Turn the axes of y and z through an angle a, so that 

y' = y cosa + «sina, and a;'/y' = aj*/y cosa = 2/)seca ult. 
ii. Turn the axes of z and x through an angle a, so that 

Oj' = aj cosa + « sin a, and z'^jy = x^ cos^a jy = 2p cos'a ult. 

XLV. 

(1) The planes in which the curves lie are sf=0, «=y, a?+y+«=a. 
The only points of the curve in « = are the points at mfinity 

in the lines a±y«^0. 

The equations of the normal planes at (xy y, z) to the curves 
in x^y and x-^y-^-z^a are 

(l + ^-24:)(a;-a)(2;5 + a;)-(f-i?)(2^ + i5-a)« = 0, 

and 

(2Z'\-x)(f/+z) I - (2«H-y) (x+z) 71 + (x-y) z^= (x-y) (Sz^'+yz+zxi-xy). 

(2) A principal normal is in the plane of two consecutive 
elements, if therefore two such normals intersect, three consecutive 
elements lie in a plane, and therefore the whole curve. 



(3) If a be the angle at which the helix cuts the generating 
lines of the cylinder, a; = acos<^, y=:asin0, and ^ = give the 
position of the generating point before unwrapping; ad(l>^ds sin a, 
and dz^^ds cos a, .-. ;7 = ^cosa, and the point is In the plane of xy 
and in the tangent to the circular base, at a distance from the 
point of contact = a^, the arc of the circle from which it may be 
supposed to have been unwrapped. 
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(4) Using the notation of (3), by Art. 636, p"*=a * sin'a, and by 
Art. 637 the coordinates of the centre of curvature are — acot'acos<^, 
-acot'asin^, and a^cota; giving a helix on a cylinder, radius 
acot'a, which will be the same cylinder as for the given helix 
ifa = |9r, 

(5) With the equations of Art. 597, that of the pormal plane is 

— X sin ^ + y cos^ + w« =a 'rfaQ ; (1) 

at the edge of the polar deyelopable, which is the intersection 
of three consiecutive normal planes, 

— xcos^ — y sin^5=n*aj (2) and arsin^ — yco8^ = 0; 

For the equation of the polar developable, eliminate from (1) 
and (2), 

(6) By XLIV. (6) the equation of the projection of the shortest 
distance is 17 + {^/2(rs=0, hence the angle made with the biiiormal 
is «/2<r, which is half the angle of torsion. . 

(7) Using the figure for Art. 603, if the elepient Bhc of the ' 
polar surface turn about Bb^ until it is in the plane of Aab^ 
T and q will coincide. t 

^ = r, Uq^p, ^Jif'-p^^BU, LVBU^dafa, BU.lVBU^dp, 

(8) By Art. 658, the differential equation of the line of greatest 
slope is ci/dx — (x' + y' -{- cai) dy =iOj and, if a: = rco8^, y = rsin^, 
<;(?a + rfy = 0, .•. y + c tan"* (y /ar) = constant. 

XLVI, 

(1) Let PQ^ QBj fig. 2, be two elements of the curve in two 
plane facets PQI^y BQL of the torse, from B draw Br perpen-^ 
dicular to the plane PQL^ Qr is the second element of the curve 
on the developed torse. Draw BM perpendicular to PQ produced ; 
PQ is perpendicular to Br and BM^ and therefore to rM'^ the 
radii of curvature of the curve on the torse and the plane curve are 
z&LrQMx /.BQM=rM: BM=iCosBMrj LBMr being the auglei 
between the planes PQB and PQL. 

(2) For the curve 2« = \/(a:" + y") = r, /. for the tangent 
^f + y^ — 2rf = r' — 2ri5 = 0, and aojf + 6^17— 2f=:2«; 

for the trace on ary, a:f + yi; = 0, (a''h)x^^r*^ 

(3) a: = r cos^, y = r sin 0, r = a sin ^, «=a cos^, adO^ ds cos)3| 
rd<t> = ds sin/8, and writing x for dxjds^ &c., 

a?y' - ya:' = r*^' = r sin ^, .-. xy'-ya:" = r'sm^; 
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also »■ + 2^' = r\ :. xx" + yf = rr" + r'' - x" -y" = r (r" - r<l>") ; 

/. x'" + 3^"" = (r" - r^'*)' + r'V-* sin'/8, 
and writing a for r, ^ for <^, z"' + /'' = (a^")' ; 
... x"' + y » + z"' = r-' 8in*/8 - 2r"r-' sin'/3 + a"' co8*/3 + r V sin«/3, 
>' = co8)8co8^; /. r"=» — a'*cos'/8 8ind, and r 'Z** = — «~* co8*y9 ; 
/. p-» = a-' (8in*yS cosec*^ + 2 sin'yS cos"/3 + cof ^ sin'/S co8"/3 + cos*i8) 
= a' (1 + sin'yS cot*^). 

)8 = the curve is a meridian, p^a] 
/8 = ^TT the curve is a parallel, /> = a sin d. 

(4) Let a be the common pitch of the helices ; any helix having 
a pitch \ir — a cutting the generating lines in the opposite direction, 
will cut all the former helices orthogqnally. 

(5) Let (\, >x, v) be the direction of the normal to the plane 
containing the perpendicular and the central radius at (^, y, z) ; 

/. Xx-k- fiy '\'vz = ai^d Xa^ + /Lt5y + FC« = 0, 

also \dx-\-fidy-\-vdz^O\ 

shew that X : >x : y=:(b'^c)jx: (o — a)ly : (a — J)/« ; 

/. (b — c) dx/a; -{•(c — a) dyjy + (a — S) c&/« = 0. 

(6) As in XLIV. (6), the shortest distance is (&)'/12/)cr, and 
by Art. 643 or 656, a = p cos'a = o* sina cos a. 

(7) With the axes used in Art. 651 the equation of the plane 
is f cosa -^rj co&jS + f COS7 = 0, at the projection of P, (^, y, «), 

(f-ar)/cosa=(i;— y)/cosyS=(f-i5)/co87=— a? cosa— y cos/8— « COS7; 

:^ neglecting «', f = s sin'a — cosa cosyS «*/2p, 

1; s=s — « cosa cosyS + sin'/8 a*/2/), 

fss — 5 cosa COS7 — cos/8 COS7 «*/2/j. 

The direction-cosines of the tangent at to the projection are 

I = sina, in = — cot a cos^S, n = — cot a COS7 ; 

nrj — wif= — cosa COS7 a'/2/> sina, 

Z?— nf = — cosyS C0S7 «'/2/) sina, 

mf — Irj ^ — cos'7 s*/2p sina ; 

,*. the perpendicular from P on the tangent = cos7«'/2p sina, 

OP« = f + ^«+f« = «»Biii"a; 

i*. the radius of curvature of the projection at = p sin"a/cos7. 

(8) By Art. 610, the angle of torsion of the curve is equal to 
the angle of contingence of the locus of the centre of spherical 
(JUrvature, /. da jp^^-dsfa^ also dsjp^ds ja^. 
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(9) The locas of the extremities of radii of a sphere drawn 
parallel to the tangents to the carve is a small circle, hence the 
tangents are inclined at a constant angle to the radius drawn to the 
pole of the small circle. 

(10) In the figure, p. 251, a circle goes round BVUqi 
:.LUBq^LUVq. 

XLVII. 

(1) Take P, Q^ -B, 8 any four consecutive points, the fixed 
point ; P, Q, jS, and Q, R^ 8^ lie in the plane QBO^ which 
must therefore contain every point. 

Prove that 

xd^l(y'^z')^ydyl(z'^a?)^9dzl{of'-y')^p, (1) 
and that 

but (y'*-«7 = K-a?*-2yV=:»«(2a»-3a;'), 

since 2(yV + «*i»' + ary) = a*-ia* = ia*; 

.-. (xdxy +. . . = p' (2a* - fa*) = ]^Yy 

and {dxy +. . . = p" (6a' - 3a') = 3ay , 

and by (1) and (2) (x?y» (dzcPy - dy d'z) = p' {f a*ar' - 3aVl ; 

.". a?y«{aj(rf«d'y — rfy (?«)+.. .) = 0, 

hence the osculating plane passes through the origin. 

Note, That the intersection consists of plane curves appears by 
the solution of the equations, for, eliminating Zy we obtain 
^+y* — ia" = ±«y; .'. aj* + y' — «*==±2«y, and x^y^z^O. t 

(2) Let F-4, = 0, be the perpendicular on the line AP from the 
point where the vertex comes,^ ^FP= ^, and let 2a be the angle 
of the cone ; take Vz for the axis of the cone VA in the plane zx^ 
6 coseca is the angle between the projections on xy of VA and FP« 

VP^ c sec^, s^c tand, ^ » c seed sina cos (0 coseca), 

y = sec d sin a sin {jS coseca), £; = c sec d cosa. 

Prove that ffajds^ = — (c sin a)"* cos*a cos'^ cos (0 coseca), 

ffyjds^ = — (c sin a)'* cos*a cos*d sin (0 coseca), 

d^zjds^^ c"*cosacos'^, 

and thence that p = c tana sec'^ oc VP'. 

(3) For the osculating plane at (a cos^, a sin^, f) 
(x-a cos 0) (cos 0^" + sin 0^') 

+ (y - a sin 0) (- cos 0^'^ sin 0^") + (« - O « = 0, 
writing 5', f" for d^ld0 and d^'^ldO'; and for the normal section 
xsm0=iycoB0] hence, if X, /a, cos 7 be the direction-cosines of the 
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line in question, X/co8^ = /A/8in^ = — acos7/f"; 

.-. r = acot7 and ?=iacot7^ + ^^+ S. 
For the developed curve if X—aO^ af = ^ cot7X' + AX+ aB. 

(A) In fig., p. 251, VU=ds'\ AB^ds ultimately, and if p, B 
be the radii of curvature, 

dp = FtTsin VVq, dB = AB sin CBj, rfp = dB, 

and ^ Z7rj = L KBy, /. &" = da. 

(5) Let 0« be the axis of the cylinder, and let the centre of 
the circle be in (?aj, « = a^, a; = &cos^, y = Jsin^, ;s = acos^, 
a sin ^=: id; prove that, by Art. 636, 

p** =3 J"^ cos*^ + a"' sin'^ + a"* cos'^. 

(6) Let Z^+wii74wf=0 be the equation of a horizontal plane; 
the direction-cosines of its intersection with the tangent plane at 
(aj, y, z) are as nylb' — mzjc^^ &c., 

.*. dx (nyjV — mzjc^) + Jy (fe/c* — waj/a') + rfa? (rnxja^ — ^y Z^") = ^j 

and xdxIa^-^ydylb' + zdzjc^^Oy 

hence, if u^^lxja^ -^-...y d!x^(Z/^''-t*a;/a*) =...=^*&/V(l — 2?V); 

cos'i^ = Zpa?/a*+...= ytt, hence, if d'^jdx be a partial differential 
coefficient of •^, 

— sin*^ rf^/di z=lpla' — uxp^ja* = /\/(l ^jp^^') dxjds xpja*. 

(7) The equation of the normal plane is 

2a (^ cos ^ - 17 sin 6) + cf = i (16a' + 3c') cos2^ + f c*. 
From the two consecutive normal planes, if 16a' + 3c' = J', 

2a (^ sin ^ + 1^ cos 6) = V Bin20^ 
2a (f cos ^ - ^ sin 6) = 2 J' cos 2^, 
.-. c?:= f c' - f 6' cos 2^ = 6 (4a' + c') - 3J' cos'^, 

a| = 5'cos»^, av = b^Bin% /. f^4 i7* = (5"/a)^. 

The curve is the intersection of two cylinders, one on a base 
with four cusps in the plane ay^ the other on a semi-cubical 
parabola in the plane za. 

The two curves are similar if Vl^cf^Vfc*^ or c=:2a. 

XLVIIL 

(1) Let the normal at P to the generating parabola meet the 
directrix in i, and draw PN perpendicular to the directrix ; the 
radius of curvature of the parabola =2/S'P.PL/PN'=2PL=s twice 
the radius of curvature of the perpendicular normal section. 


72 PROBLEMS XLVIII. 

(2) Br' = p-* cos'a + p '' sin'a and 5"' = />"' sin'a + p "' cos'a, 

/. BT^ coa'a — -B' "^ sin'a = p"* cos 2a. 

(3) Where x^y^a^ each =a/V2 = 5 suppose, let aj = &4-f, 
y = J + i7, z^h-^t Shew that ultimately 5 (f - 17 - 2?) = 3?' + 2^17, 
the perpendicular on the tangent plane = (3?'+25i7)/J\/6 and 
I* 4 7^' + J"* = 217* + 417?+ 5J^', .-. the diameter of curvature of the 
normal section through (f , 7;, f) 

= 2p = 5V6(2^'+4^?+5n/(3?' + 25b7), 
where p is a maximum or minimum the roots of 

2aV3i7'-4(p-aV3)^?-(6p-5aV3)r = 
are equal, /. 4 (p - a VS)' + (^p - 5a V3) 2a V3 = 0, 

or 2p' -f 2pa V3 - 9a' = 0. 

(4) Let R be the radius of curvature of the normal section 
through the given tangent, then, by Meunier^s theoren^, 

^cos^ = p', <p, /. cos^/p' = cos'^/p + sin*^/p'. 

(5) Shew that 

p-* + p'-* = P*"'{P'(u + v + i^)-(i7«tt+...+ 2nr«' +...)} 

and ^ p =^ J - p(Z7M+ Fi(7'+ Wv% &c. 

(6) Taking the axes as in Art. 678, the projection of the 
indicatrix is given by 2z = r»" + 28xy + «y*, where r = — <. 

(7) Shew that log (—;?) = (w — 1) (log ^ - log z\ 

At an umbilic s/pg' = r/(l +^'), .% - «"^ (1 +p^ =jp (a:"* ""i'Oj 
/. pt=^xlz^ similarly g' = — y/«, /. x^y^^z^af?^^"^^}). 
Near the umbilic, let ^ = J +f , y = J 4 97, ^ = c + f, 

2 f + i7 + ? w-1 

(8) By Art. 718 Cor., pp' = (1 + aj'/a* + y'fby ah. 

(9) If (Z, «i, «) be the direction of a normal, prove that 
w* = P + m*, or cos'0 = sin'^; the integral curvatures are as the 
surfaces of a unit sphere cut off by a plane distant 1 /V2 from the 
centre. 

(10) This follows from Art. 296, since, for one of the confocal 
hyperboloids through the point of contact of any of the planes 
mentioned in the problem, k is constant. 
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XLIX. 

(1) The general condition is Z7" (v + w) + . . . - 2 VWvl - . . .= 0. 
Shew that this reduces to 

(y-«)(F'+ W^i^aYW-'^lxVCV^ TF) = 0, 

ind that F' + TT" = 2aj* + a« (y + z)\ VW^ - aj*, 

j: Z7( F- TF") = - "layz {2a:' - a (y - «)}, 

/. (y ~ ii) {2aj* + a' (y - «)'} + oa:* + Say^saj* = ; 

multiply by y — iSf, /. 2y'a' + (y — «)* - y«^ - 8y V = 0. 

(2) Let a, fi be the semi^axes of the central section parallel to 
the tangent plane at any point of the curve, and B the radius of 
the sphere, then aPp=^ahcj a' + ^^ + jB'^a' + i' + c', hence^ by 
Art. 720, pp' =. a'/3V/ ^p^, p-^p^ (a* + ^')lp oc p^. 

(3) With the axes of Art. 678, 2z^x^jp-\-flp. Let the 
generators be inclined at an an^le a to Oxy and let JS, S*, p, p' be 
the radii of curvature, then, mtimately, 2-B« = («sina-y cOsa)' 
is the equation of the enveloping cylinder, and 

a?*/p + y'^/p' = (aj sin a — y cosa)'/5 

must give equal values of a? : y ; 

/. jB/pp' = 8in'a/p'+ cos'a/p, 

and E~^= cos'a/p + sin*a/p' = Rfpp'^ 

(4) At an umbilic, prove as in XLVIIL (7) that J? == — 4?//, 
q^^-^yjz^ and thence that a:ila^ = y%lb^ =^z^lck=^(a + b'\' c)'^] 
shew also^ by comparing the tangent planes to the surface and 
sphere, that at their point of contact a:§/aii? = yf/Ji-B = «t/ciJJ. 

The paint of contact is an umbilic if JT^ = a + J + c. 

(5) As in (2) pp' = o'/S'// = a'iV//. 

(6) The Integrail curvature is the whole surface of the unit 
sphere less the two portions included between the two sheets of the 
cone reciprocal to the asymptotic cone = 47ra/ V(a' + c*). 

(7) This is to find the envelope of a plane A?f /a+yiy/ J+ «5*/c=0^ 
subject to the conditions a;' J a + y^jb + z^jc = 1, 

and x^l(a'hk)+y'l(b + k)-^s^l(c-JrJc)=^lj 

its equation is (a'^k)^*la + (b + k)iflb + (c + Jc)^lcs=Of which 
gives a surface meeting the ellipsoid in a sphere. 

(8) Let the line of curvature be the intersection of 

ai''/a+...= l and a;'/(a — *)+...= 1, 
so that y' (b - a)/ J (J - A) + z' (c - a)lc (c - i) = 1, 

L 
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and let a be the inclination of a circular section to the plane of ay ; 
take i;, f the coordinates in the cyclic plane of the projection, 
y=^V and ^sfsina, and &(a — c) sin'a = c(a — 6); shew that 
?"/(*-c)-i77(J-A)=6/(«-J), a conic the square of half the distance 
of whose foci = 5 (i — c) / (a — J) ; for the umbitics (a'^c)z*=^c(h'' c) 
and for their projection f ^ :^ iS* cosec'a = h(h — c)j(a'- J). 

(9) At every point ^=rcos^, ^ = rsin^, z = a0^ shew that 
j> = — a sin ^/r, j = a cos ^/r ; then the equations of the normal are 

r(f-rcose)-asin^(?-a0)=O, r(i7-r8in0) + acos^(f-ae)=O; (l) 

A f cos^-f i;sin^ = r, r (f sin ^ - 9; cos 5) = a (f — a^). (2) 

For the lines of curvature consecutive normals intersect, 

/. -f 8in^ + 7;cos0 = rfr/d^, (3) 

r(^co&0^rj sin^) + (f sin 5 — 17 cos^) rfr/rf^ = - a*; 

.\ (drjdfff = r* + a', and so rla = sinh (^ + 7). 

By(l)/5« = (aVr'+l)r?-a^« = (a»-|-rOVa', by (2) and (3), 
whence, if r be constant, /> will be constant. 

(10) Let the equations of the helix be 

a = a cos 0, ^ = a sin ^, « = a& tan a, 

and let the tangent at a point P meet the cylinder, radius 5, in 
the point Q, where j? = 5 cos ^, y = J sin 0, 

/. (6cos^ — acos^)/— sin^ = (J sin^ — a sin^)/cos5 = 0cota— a^, 

hence Jcos(0 — ^) = a = &cos/8, = ^-f-/8, «cota — a^^Jsin^S. 

For the osculating plane, which is a tangent plane to the 
surface, a: sin^-^ cos^+« cota— a0 = (1) ; and, for the equation 
of the surface, eliminate d from (1) and the equation 

^cos^+^sin5 = a (2). 

Take (x 4 8^, y + %, z + S21), corresponding to ^ + iO, a point 
in the direction perpendicular to the generating line, so that 
— 8a:sin^ + Sy co8<? + Si8tana = 0, (3) then 2p the principal finite 
radius of curvature is the limit of 

{(Sxy + (SyY + (Szy] / (Sx sin 5 - Sy cos + Sz cot a) sin a. 

By (1) and (2), or by the equation of the tangent to the helix at P, 

^ = — (« cota — ad) sin ^ + a cos 0, 

y= («cota — a^)cos^+ asin^, 

shew that Sx = u cos + v sin ^, Sy = uBm0 — v cos 0^ where 

w=-(«cota-a^)S6^+4a(8e)', v=-.S«cota+i(« cota-a^(S^)'}, 

/. by (3) Bz tan a = i (z cot a — aO) (B0y — 8z cot a, 

/. at Q (S:r)' + (Sy)«+(Sz)' = J'sin'/3(8e)» ultimately, 

. and Sarsin^- 8y cos^+ &cota = iisin^(S^)*, 

/. /) = atan^coseca. 
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L. 

(1) The squares of the semi-axes of the central section parallel 
to the tangent plane at (a, /8, 7) are given by aV/(l— ar')+...=0, 
Art. 237, and at the centres of curvature which aria in the normal, 

(aj-a)/aa = 0-y3)/i/3 = («-7)/c7 = -r', Art. 721, 

.-. a? = a(l-ar'), y^^il-br')^ « = 7(l-cr»), 

and (aj-a)*a/;» + (y-/8)'i8/y + («-7)'7/« = 0. 

(2) Transfer the origin to (a, y^ «), and writing f + «, 17 + y 
for a?, y and jp^ + gi7-H(rf'+25fi7 + «^')...+ a for «, the resulting 
equation must be identically true neglecting powers of f , 17 higher 
than the second ; equating the coefficients of I*, f 17, 17" to zero, each 
term of the given result is - Vx — ay — c« - c". 

(3) 4(1 +/ + 2')('-«-s') = {(l + ?')''-22>js + (l +/)<}•, 
let r = a (1 +^')> ^ = iS (1 + g'), s = Tpg' ; prove that 
4(l+/+j')a/?=(H/)(l+?'')(a+/8/-4pV(a+/3)7+4pYy=0, 
thence that (1 H-p' + j') (a-/3y +;?V(«+/3-27)* = 0, .'. a = )8 = 7. 

(4) Prove that the expression for pp' in Art. 718, Cor. 

= Ihc (1 + V/i' + 4«Vo')' = i&cajV/. 

(5) Shew that the angle between the tangent and the axis 
of as=s 0, that dajdO the radius of curvature =a cotd, and that the 
normal cut off bj Oa; = y secd^atan^. Hence, the specific 
curvature is a"*. 

(6) The integral curvature is the portion of the surface of the 
unit sphere included between two parallel planes, whose distances 
from the centre are cos a and cos/8. 

(7) Along the curve of contact the normals are perpendicular 
to the tangent planes of the cone, hence the horograph is formed 
by the reciprocal cone whose vertical angle is tt — 2a. 

(8) Let PQR be consecutive points of a line of curvature, 
Ppy Qq^ Rr lines of curvature lying in parallel planes ; normals at 
-r and Q intersect in 0, at Q and R in (7, the plane POQ is 
perpendicular to the tangent at P to Pp^ and therefore to the plane 
of i^, QOR is perpendicular to the plane of Qq^ hence POQ and 
QO^ lie in the same plane, which proves the theorem. 

(9) For the paraboloid pz'^ = a"*, qsT^ = - y'\ and writing p\ g[ 
for ^, q in the last two surfaces, viz. r ± r' = constant (1), 

iw"* ± (« + p'z) r "* and yr^ ± ^zr''^ = 0, whence pp' + Jj'4- 1 = 0, 

and if jp'j, p\ be the two values of y, p\p\ + j',2', + 1 = ^* 

By (1) the second theorem is true. 
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(10) Let the given line (^ — a)/Z = (y- i8)/w = (a-7)/» = r 
intersect the conicoid a5'*/a+y'/&+«7c = 1 (1), where r —r^ and r ; 
if the normals at these points intersect, thej and the eiven iiae will 
Ke in one plane A(x-a)ll+B(^i/-fi)lm+ 0(« -7;/n = 0, 

:, -4(a + Zrj)/aZ+...= and A{a-{-lr^lal^% 

hence aAlal'\'fiBlbm'\-yGlcn^Qy 

Ala + Bib 4- CIc =0, 

and 4 + B +0 =0, 

/. (b - c) a/Z+ (c - a) ^S/w + (a - 5) 7/n = (2), 

and this condition is the same for all the confocals. 

Let a chord PB of a confocal to the conicoid (1) touch it in Q. 
If the normals at JP and M intersect, those at the two points which 
ultimately coincide in Q will also intersect, that is, PQ will be a 
tangent to a line of curvature on (1). The two conditions to be 

satisfied are (2) and (a*/a+.,.— l)(P/a +...) = (fe/« +•••)*> g^^^^ff 
four directions for PQ. 

LL 

(1) The consecutive point to P, («, 0, «), must be on the 
normal sectioil perpendicular to the given principal section, the 
radius of curvature of that normal section is V^jp^ A,xt 72Q^ and 
the centre of curvature (f j 0, f) is in the normal at P, 

/. (f - a) a'lx = (?- z) c'jz^^ b\ 

hence^ since a?'/a* + «*/c' = 1, the locus required is 

aT/(a'-y)' + <^r/(5'-c7=l. (1) 

At an umbilic the two centres of principal curvature coincide in 
a point on the evolute of the principal section. Shew that the 
equation of the normal at an umbilic is 

and hence that the normal touches the ellipse (1) as well aa thQ 
evolute. 

(2) B7 Art. 710 (3), since m = « = t(> = 0, 

VWu' + WW + UWw' = 0, 
shew that u'xyz == ox' (y + z\ Ux = ayz^ ^c, 
.-. VWi WU: UV^ x' : / : z\ 

(3) Let PG be the normal at P to the generating curve, -^ its 
inclination to the axis, then p.PG = a\ 

:. y co8ec'^ = a'rf^/(& and 3^rfy=sa*sin^cos^(?^, 

/. y' = a* sin'^ + J' and yp = a' sin^, where b is constant. 

If -^ = when y = 0, then 6 = 0, :. p = a[ sin^/y = a, 
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(4) Let consecutive generators cut Ox in P and P', OP^^Xj 
OP' == X + dxj and let P'Q = r be the distance of a point Q near P' 
on the generator P'Q; the coordinates of Q are 

* ^z^x + &x + rcos(0 + Sd)^ fl; = rsin(0 + S^)co8(^ + S^), 

?= r sin (6 + S0) sin (f + 8i^). 

The equation of the tangent plane at P, containing P' and the 
generator through P, is f cosi/r — i; 8in'^ = 0, the perpendicular on 
it from g = r sin (0 + Bd) Sf^ and PQ' = (Sx+r cos e)* + r» sin'^ ult., 

/. 2p = limit of {(Sa;)' + 2r Sa: cos ^ + r'j /r S^ sin 0^ 

.-. (dxjd^y + 2 (cos ^ rfx/rf^ - p sin e) r/ S^ -f (rfh^y = 0, 

which has equal roots, when /> is a maximum or minimum, 

.% (cos dfi 1) dxjdyft = p sin ^. 

(5) Let P, (r, 5, ;?), be a point in the generator MP, (r + Sr^ 
+ S0^ z+ Sz) a consecutive point Q'y for the tangent plane, which 
is BPQ ultimately, ^'-z = r)dzlrd0 = rir'^/'(0)^ where tj is 
measured perpendicular to PBz ; the perpendicular from Q on the 
tangent plane for which i; = (r + Sr) B0^ neglecting terms of the 
third order, and writing u' for r* + {/' (^)}*, is 

{rSz -/' (0) (r + Sr) S0} vT^ = {^r/" (^) {I0y -/' (0) Sr SS} m"*, 

/. w-V = limit of {(Sr7 + M'(Sey}/{r/"(^)(S^)*-"2/'(e)SrS^}, 

hence {dT\d0y + 2/'(«) pt*"' t?r /rf^ + u^ -/" (^) rpw"* = 

gives equal values of dr\d0^ when /> is a maximum or minimum, 

(6) By Art. 718, Cor., />p' = (1 + p* + ^yHjt - «'), . , 

The equation of a tangent plane at (or, y, 2;) is 

therefore, if «r be the perpendicular from the origin, 

9cr"' = ar"^ + y"' + «"*, and /)/>' = Ja^yi^^ 81 tsj"*QC cr"*. 
At an umbilic, by Art. 719, x — y = z^ (abc)^^ 

:. 3t!r"* = a:"*, pp' = 3^' = 3 (a Jc)t. 

(7) The normals at points in the curve of contact of a circum- 
Bpribing cylinder are perpendicular to the direction of the axis, 
hence the horograph for each portion is a great circle. 

Hence, the horograph for each of the eight portions of the 
ellipsoid cut off by the curves of contact is a spherical triangle. 
Let ABG be one of these triangles, P, Q, B the poles of PC, uA^ 
AB on the hemisphere containing the opposite angles, and let the 
angles QOB^ BOP^ POQ. be a, ^8, 7; the angles of the triangle 
ABG will be 7r-a, w-)3, •"'-7; the integral curvature of the 
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corresponding portion of the ellipsoid will be 27r — a — /8 — 7 ; the 
remaining portions of the lunes will be /8 + 7 — a, 7 + a — ^, and 
CL+fi -7; their sum being 27r, which is the area of the hemisphere. 

(8) If (xj y, z) be an ambilic, the radii of curvature of all 
normal sections through it will be equal. 

The equation of the tangent plane at (pcy y, g) is 

and the perpendicular upon it from an adjacent point, whose coordi- 
nates are ar+\«, y + fi8j «-f-v5, is (aa;'X+...) a/ V(aV +...), 

but a (« + 8\y + J (y + sfif + c(z + svy = *'; 

/. (aa:'X+...)5 + (aa;\*+...)«*+...= 0, 

hence the radius of curvature of the corresponding normal section 

=a i limit s^ A/(a'x* +...)/ (<^^* + ...)«*, 

which is independent of the direction (\, Mj v) if oo? = Jy = c« =» <r, 
where o-' (a"' + 6"* 4- C) = k', giving the umbilic. 

For the normal at the umbilic (f — (ra'*)/cr*a"* =...=... ; 

and this must intersect the normal at a consecutive point, whose 
coordinates are aar^-\-s\y ab'^ + Sfij (rc'^-{-sv^ 

{a — a) a** — s\ _ (jr - <r) J"^ — sfi (a — o-) c"^ — w 

•'* 20- (aX - 6/a) + 5 (aV - bY) ^ 2o- (a\ - cf) + 5 (aV - cV) ' 

whence a\ = J/i, or aX = cv, or « (a\ + 6^) = s (a\ + cv), «.e. J/a = cv, 
which give the three directions required. 

(9) The polar of (/, 0, 0) with respect to one of the confocala 
{»*/(« + Aj)+...= 1, i&fx=^a + kj hence the locus of the points of 
contact has the equation 

corresponding to the point (0, g^ 0), the equation is 

a'/(i^y-*+«)+y/^+«VG7»-*+^)=i; (2) 

subtracting, we have the two factors 

ii. (fa'-a + b)aflf'\-(gy^b + a)ylg + z*==0. 
Case i. xlf-i-ylg-i- z'l(fx'-a + c)^ly 

or oi^-\'y* + z*'-(a-c)alf --(b-c)!/ 1 g=fx-a + c or gy-'b-^ Of 
which gives a circular section. 
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and, by eliminating «* from (1) and (2), 

(c.a){a^-(a-5)//}4(c-J) {3^+(a-J)/(7} + (/a:-a+^ 

whence the remainder of the intersection is a sphero-conic. 

To prove that the surfaces (1) and (2) cut orthogonally at the 
circular sections, shew that, writinff/i?— a=cr=^— J, the direction- 
cosines of the normals at (^, y, z) are as 

/"-r- ^V(^ + c)' : ^1/9 : 2./(cr + c)/, 
and 2lfg : g-^^f^^^Ka-^-cy : 2zl((r + c)g. 
Note. The book makes the theorem too general. 

(10) At the line of separation the product of the principal radii 
of curvature changes sign, /. r<— «''=0, and one of the radii becomes 
infinite, Art. 718. Take the origin at any point of the line, Oz the 
normal, xOz^ yOz planes of the principal normal sections, the 
equation of the surface near the origin is 

2« = oar' + Ja:' + 3cx'y + Mxy^ + ey^ , 

since the coefficient of ^* vanishes; shew that rt—a^^ 3a((fe+ey) + 
terms of higher order, hence da? + ey = gives the tangent to the 
boundary ; the tangents to the lines of curvature are Ox and Oy, 
therefore they are not generally tangents to the boundary. 
The inflexional tangents are x^ = 0, and therefore coincide. 

LII. 

(1) Let the equation of the surface be z=/(p\ where p'^ar'+y', 
the condition gives (1 + ^') r — 2pqs + (1-f «*) < = 0, deduce from 
this that /'(p) + pf" (p) + {/' ip)Y = 0, 

and t?{/'(p)r/rf/> = 2/,-[H.{/'0>)n, ' 

whence /' (p) = cl^(^p^ — c*), where c is constant ; 

.-. « + a = clog{p/c + V(pVc'-l)} and 2p/c = 6<*^>^' + 6-^>^ 
Geometrically^ the catenary is the only curve for which the 
normal is equal to the radius of curvature in the opposite direction. 

(2) Fig. 3. Let PQj QR be small elements of the plane curve, 
P, Q being points on consecutive generating lines of the torse, Q8 
the generator through Q] produce PQ to T and draw MET 
parallel to Q8, QM perpendicular to ^T; turn QMRT about F8 
to the position QM'It'T' in the facet of the torse consecutive to 
PQ8. L -B^r and lR'QT are ultimately the angles of contingence 
of the plane and bent curves, draw Bt perpendicular to QT and join 
R^ t, therefore EtlQR= QRIp, and R'tjQE^ QR'jp, 

also MM'IQM^RR'IQRsme^QRsmejR^ 

and since R'e = jB^ + RR'\ and QR' = QR ultimately, 

(3) Let consecutive generating circles cut Ox in P and Q, 
OP^x^ OQ^x+pSd*j me tangent plane at P contains Ox and 
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the tangent to the circle (P), hence its equation is z cos^+y sin5=0 ; 
take a point R in the circle (§) near Q^ in fig. 4, let Qy\ Qz* be 
parallel to Oy^ Oz, and let jlQCB between the radii C'jB, GQ be ^, 
if y\ z' be coordinates of 5, 

y' = CQ sm(0 + S0) - GB 8in(^ + S^ + ^), 

z' = OQ cos(0 + S0) - CB cos(^ + 8^ + ^), 

the perpendicular from R on the tangent plane at P 

= (r + Sr) {cos S^ - cos (80 + <^)} = ^r (24>S0 + ^') ultimately, 

and PIl^=^(pS0y + (r4>y; 

.'. p the radius of curvature of the normal section through PB 

= limit of {( p80y + (r(f>y} jr (2^8^ + f) ; 

when pis B, maximum or minimum, 

( pS0y - 2pr(f>S0 + (r* - rp) ^" = 

gives equal values of 8^/^, .". />' (»• — p) = />'»'• 

(4) Let P, C fig. 5, be adjacent points on the circle corre- 
sponding to yfr and -^ + 8^, jpP, ^'Q the corresponding generators, 
on jQ take a point B near Q, and let Q£&=«; let the axes of 
X and y be OP and OD perpendicular to OP. 

The equation of the tangent plane at P, containing pP and the 
tangent to the circle at P, is (x — a) cob0—^ sin 0=^0. 

At Bj x=:{a-{-s sin (0 + oS)} cos 8-^, 2? = « cos (6^ + 8^), hence 
the perpendicular from B on the tangent plane at P is 

a (1 — cos 8-^) cos ^ - s sin 80, neglecting « (8^)', 

also PB* = (a8^)" + «" ; 

.'. />, the radius of curvature of the normal section through PB, 

= limit of {(aSfy + s'}l\acm0 (8^)' - 2«80}, 

for the principal curvatures, 

8* + 2p88f, d0ldf + (a* - ap cos ^ (8^)» = 

gives equal values of «/8'^, /. p' (d0ld'>^y ^c?--apcoA0. 

(5) Let P« be the common normal at P, and let Pr, i^ bisect 
the angles between the normal sections of curvature a + J and 
a' + i' ; shew that the equations of the two surfaces are 

2z = {x cos io>4y sin io))'( a + J)+(a; sin J©— y cos \o>y{ a — &)+. . . 
and 22J=(ajcosJa)-y sin^a))'(a'+J')+(jrsin^a)+ycosiG))"(a'— J')+... • 

At the curve of intersection -4ar* + 2PaTy+ (7y*+...= 0, where 
u4-(7=2(J-J')cosft>, ^+C=2(a-a), 2P=2 (i+ JOsin®; 

if tan^j, tan 02 be the values oiyjx given by -4x*H-2Pry+ Gy^^^O^ 

prove that (^ + 0)' sec* (i^, - i^^) = ( J^ - )' + 4P', 

.-. (a - a7 sec'5 = (J - J')' cos'« + (i + J')' sin'w. 


V ' 
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(6) Take the same axes as In (4), and let /S be a point in qQ 
near y, q8=:s^ POp is the tangent plane at j?, and the perpen- 
dicular on it from S= s sin (d + SO) sin S>^, 

pS"" =pq' + 2pq.s cos (0 + 80) + s% 

where pq = a cosec^5 80 ultimately. 

Shew as in (4) that the principal radii of curvature are given by 

(p sin d^ Id0—a cosec*^ cos 0y = d^ cosec*^, 

and dylrld0 = cosec0^ :^ p^p^z=i^a^ cosec^^, the same as at P. 

(7) Take the point P in the plane of zx^ and let the two 
generators cut the principal circular section in Q, Q subtending 
an angle 2a at the centre. The direction-cosines of PQ are as 
sina : — cosa : 1, and if (X, fi^ v) be the direction of the normal 
at any point of PQ^ \ sina — /a cosaH- v = 0, hence the part of the 
liorograph corresponding to PQ is on a great circle, inclined to 
planes o:^ and 2ja; at angles ^tt and 0, where cos^ = cosa/\/2, the 
horograph of the portion included between PQ and the planes zx^ xy 
is a spherical triangle whose spherical excess E is Jtt + ^tt H- 6^ — tt, 
.*. 8in2jE=-^cos2d = sin'a, but A = atana, therefore th« integral 
curvature required, the surface being anticlastic, 

= - 2£= - sin-' {}i'\{i' + lc)\. 

(8) By Art. 718 (3) (1 + 2*) « - P?' == (1 + /) « -i??/-, 
.'. pq {r — ^) + (2* -^*) 5 = 0, the first integrals of which are 

^-yvh=f\fh\ i^\ »=<^(/+2') (2). 

For a surface of revolution z = F{q^ + y^), 

.*. py — qx = 0^ satisfying (1) wheny(/?/^) = 0, 

and p' -^ q\=:4,(x' +y') [F' (x' + y")}' = (l>-\z), satisfying (2).^ 

(9) At the point z=miSLn'(y'lx)^ x=:r'coB0', y' = r^in0\ 
shew that p = — mBin0'lr, q^m cos^'/?-', hence that the equations 
of the normal are 

x—r cos ^' = (2; - m 0') m sin 0'l r, y — r' sin 6' = — (« — w 0') m cosffj r' , 

or a? cos ^' + y sin fl' = r', a; sinfl' — y cos6'=(2? — W20')7«//. 

Let ar = rcos^, y = rsin^, then r cos (5- 6')=/, and 

r sin (^ - ^') = - ?w (2; - 7n0') jr ; 

therefore, eliminating /, r* sin 2 (0 - 0') = — 2m (« — m0')j 

and, if (ar, y, 2;) be the point of intersection of consecutive normals, 

r'cos2(^-e') = -w2' = r"cos2ft), .-. ^'=^-0), 

.'. z=^m0' + ^m tan2 (fl - 0') = m(0-a)) + \m tan 2ct). 

(10) Let (7, 7w, w) be the direction of the generator, (\, fi^ v) 
and (V, /a', v') those of the tangent planes at A and P, and p, p' 

M 
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the perpendiculars on them from the centre, so that from the con- 
ditions of the problem ?+ V+ \"= 1, &c. But, by Art. 720, writing 
a"' for a, &c., the specific curvature at al=//a'/8*, and its square 
root IS plaffcxfoc \'a^ + fjuV - v'c\ and the sum of the square 
roots of the specific curvature oc (X'* + X"'^) a' -f . . • cc (I- P)a +•••> 
which is constant for the same generator. 

LIII. 

(1) When the cone is developed into a plane, the part of the 
geodesic which surrounds the cone, and is terminated by the multiple 
point, forms the base of an isosceles triangle, and the angle at the 
vertex is 2/3, where 2^8? = 27rZ sin a ; but cos2a=|, .. sin a = J, 
hence 2/3 = ^tt, and the two branches are each inclined at ^tt to 
the generator through the multiple point. 

(2) The principal normal of the curve coincides with the normal 
to both surfaces at every point. 

(3) By Art. 762, pD, which is ac at the umbilic, is the same 
at the extremity of the mean axis, therefore I) at that point =aclb^ 
and is inclined to the plane of a, b at an angle ^, for which 

D-' = a" cos'<9 + c"*' sin'^, or b' = a* sin'^^ -f c' co5^(9, 
.-. l'-^k = (a' H- k) sin'e + (c' + Jc) cos'«, 
or is the same for all the confocals, hence the geodesies all touch 
one of the planes z = ±x tan 0, 

(4) Follows from Art. 770, since the mean axis bisects the 
geodesic passing through it and opposite umbilics.. 

(5) If dx be the angle between consecutive principal normals 
to the geodesic, by Art. 647, (dxlclsy = p-'' + a^, but dx is also 
the angle between consecutive normals to the surface, whose equa- 
tion may be written 2z = it'lp^ + y'lp, ultimately, whence 

p = a:lp,, q=ylp,, and secXrfx) = 1 + ^'VPi* + 2^7p«'» ' 
,. (dxy = x'Ip,' + y'lp: = (dsy (cos«^/p,« + sin^^/p/), 
and p'''\-a'^=^cos'0lp,' + Bm'0lp,% also p-^=±cos^'^//>, + sin'^/p,, 
from which eliminate 0. - 

(6) Fig. 6. Let Aa^ Bb^ Cc be consecutive generators of the 
torse, PQ, QR elements of the geodesic in the facets aAb^ b£c, 
soxhRtlPQb^lBQR] iPQb^^, LQEc^^-^d^, ABJdylr^p, 
AQ^t, BE = t-\-dt, .-. («H-prft)sint = (^ + ^Osin(tH-.aV^), 

.*. f^dyjr sini/r = t co^yfrdyfr + dt sin>|r. 
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(7) The geodesies make equal angles with the lines of curva- 
ture, and if ^ff be the inclination of an umbilical geodesic to the 
line of curvature corresponding to k^ of Art. 764, 

Vco8'i0 + A:,*sinH0 = J', or (A/ - V) cos ^ = 2 J' - V - ^\'j 
where k*^ h^ are the roots of 

Let }?-k^=%^^ b^-h^ = K, then (h^-k^) cosd=^h^-{-h^, and 
(\ + hy tan'*&= - ^liji^^ where A^, \ are roots of 

and hji, = - (a' - V) {h" - c') flh\ 

(8) With the notation of Art. 751, p, = Qo, = inclination of 
the geodesic to the generating tine crossed, p"^ = p^^ sin*0, and 
o-*^ = p,"^ cos ^ sin ^, .'. cr/p = tan^. 

LIV. 

(1) Let aj = be the plane of the geodesic curve; since 
x"IU=flV=z'IW, Art. 740, and a;" = 0, either, i. ;/' = and 
z" = Oj .'. y' Iz' is constant and the geodesic rectilinear, and therefore 
a generator; or, ii. U=0, that is, the surface is cylindrical. 

(2) For an umbilical geodesic pD = ac, and at the mean axis 
2? = 6, .*., in Art. 751, p^ = d^ jby p^^c^jb^ and V = c^ cos^^ + a* sin'0. 

(3) The condition gives a^+c'=2&'^ ; for any umbilical geodesic, 
Art. 764, A;,' cos''^+ X*/ sin*^=-&*, and for any point in one of the 
circular sections 

r^J,.-.A,' + V = «' + *' + c'->'' = 26* and (ft^-A-.O cos 2^ = 0. 

(4) With the notation of Arts. 784, 785, tani© =m"*tan|/3=m'* 
and, if 6^ ht the inclination required, cot ^^5,"=^^ cotia)' = ?/2*. 

(5) Let be the centre of the unit sphere, and suppose B 
indefinitely near to -4, the generating line through A of the torse 
along AB is parallel to the intersection of planes perpendicular to 
Oa and 06, and therefore perpendicular to the tangent to ab at a, 
similarly for the torse along A C. 

(6) Let z:QPQ' = 2a, /.UPV=2^, and, with the notation of 
Art. 764, let /c.^ determine the line of curvature on which P lies, 
/. k^ cos'a + Jc^ sin''a = X' a constant. Art. 766, for all positions of 1) 

also k^ cos^yS + k^ sin'/S = t^, 
.'. cos*a : cos^/8 = X' - k^ : 6' — A/, k^ being constant. 
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(7) With the notation of Arts. 751, 764 

a-' = sin ^ cos d (^ / A,' -p / k^) and Jc* cos'^ + A-,' sin'^ = g', 

.-. sin'^/ (2' - k*) = cos'^/ (V - 2'), 

.-. (V - V) sin ^ cos ^ = V{(V + V) 2' - 2' - KK)' 

Let 0^ be the semi-diameter D and OR=iy conjugate to 

POQ, q, q perpendiculars on the tangents at B and Q to the 

section Q OR, :. k^ + k^'=I]^ + D' a-nA k^k, =Dq = D'q, 

and (A:,' + A,') g' - g«- &,'V = 2* (^'+ ^'0 " 2 " 2*^ = 2* (^" " 201 

•. (k^ — ij') sin 6^ cos ^ = j'Z^* cos (y, g'). 

Let y be the perpendiculs^r from oq the tangent plane at Qj 
q is perpendicular to the osculating plane of the geodesic, which is 
parallel to the plane containing OQ and p\ :, A'^A" cos(y, g), 
where A"p=Ap^ also p =q cos(py q) and, by spherical trigono- 
metry, cos (p\ q) = cos (p'j q) cos (q, q) ] 

:. e-'^pqiy cos(y, i)\Kh^^p cos(g, q)\qB 

^p cos {p[, q)lp'D = A" cos(y, q)IAD^ A I AD. 

(8) Shew that ?^ = —^ = ^ = " T (^'^')=-«^", 

/. (r*+a^)tf' is constant, cos^ = r, sint/r=\/(r' + a'')^'; the tangent 
plane contains the generator and the tangent to the geodesic, 
/. tsin<t> = rfflz=rlay sec^ = \/(^' + a*0/«- 

(9) Let (x - a)'--f (y - /3)' + (« - 7)'= R' be the equation of the 
sphere,.-. (aj-a)a:" + (y-/3)/ + (2!-7)2j" = -.a;"-y'-5;''=-l, 

hence, Art. 740, 

.*. p is the perpendicular from (a, ^, 7) on the tangent plan^. 

Geometrically. The osculating plane at P is the plane of a 
small circle of the sphere, whose radius is the radius of curvature 
of the geodesic, and whose centre is at the same distance from the 
tangent plane as the centre of the sphere. 

(10) Let r, r\ r" be the distances from the axis of the angles 
A^ /i, G of the geodesic triangle, OA^ OB^ OG meridians through 
these angles, then, by Art. 761, 

r' sin 05(7= r" sin (75, r"&inO(7^ = r sin(9.4(7, 

and rsin0u45=r' sin 05-4, 

.-. sin (7^(7 sin (7 (7^ sin 0^5 = sin OOB sin 0.4 (7 sin 05X 

LV. 

(1) By Art. 778, for an umbilical geodesic A'sin^J^-i- A;"cos'^5=&, 
where k' and k" are given by the equation 


tKOtiLEMs lV. 85 

•. t&n'^e =-(k"-b)l(h'-b)=-h" I h' and tsai'd=-ih'h" l(h' +h")\ 

h' and A" being the roots of (c-b-K)y*lb-hz^lc + h(h+b-c)=0, 

.:. h' + h" = 2x-b + c, -AV = (i- c)y/i. 


(2) Writing V for q^ In Art. 764, V coa'^ + k,* sin'^ = \', 

••• (K - KT sii'^ cos'^ = (A-,' + V) X' - X* - k^\' 

= (a' + i' + 0' -x'-y'-z'- \') X* - a'iV //, 
and 2f'KK<f~' =/ (V - V) 8'n ^ cos 9, Art. 751. 

(3) With the notation of Art. 774, for two perpendlcuLir 
geodesic tangents to the same line of curvature, V "*" ^'2' "^ ^2'> 
where a;' / («* - j*) + y^ / (h* - y") + z' / (c* - j') = 1 is the equation of 
the hyperboloid which determines the line of curvature ; if r be the 
distance of the point P from which the tangents are drawn, 

and if one of the principal sections of the hyperboloid be a rect- 
angular hyperbola, 2q^ = ^' + c% <f + d\ or d^ + 6*, /. r' = a', J*, or c% 
hence P must be one of the extremities of the greatest or least axis, 
or it must lie on one of the central circular sections. 

(4) Shew that 3^aj" - ccy = or r'e' = c, 

/. 1 = a;'* + y "^ + ;5'» = r" + r''^'^ + 4aV7 / 

= cy + 4ttV {f^ - r"*) / r\ 

. . cVy (r« + 4a') = r« + 4aV;. 

(5) Let the equation of the right conoid be z-=f{y\x)^ prove 
that for the geodesic a;a;" + yy = 0; and since g_=^xx ■\^ yy\ 
dqjds^x^ -\'y^ = (daldsy^ r.dqjda^dajds. 

(6) As in Art. 764, cos'5 k;' + sin' k;' = D'' ; 

if e = iTr, p (k.;' + vo ^pD-'^ p\ 

(7) As in LIV (8) sin^ = /v/(/ + a') e' = c/V(r''+aO, let r„ 
r^, rg be the values of r at -4, 5 and (7, and c,, c,, Cg the values 
of c for the geodesies -BC, C^, ^5, then sinaj = c^/\/{(^i' + a')j 
sin a, = cJVC^i* + «0j ^^^ ^^^^i /^s ~ ^^"^^l^^r Similarly 

sini^i/c3 = 8in/3,/c, and sin7,/c^ = sin7jc,. 

(8) The direction of a geodesic at the point P{x^ y, «) of an 
ellipsoid 3?\g^ ->ty^\h^ '\' z^\6^ is {x\ y\ «'), where x =dxldsy &c. 
The equation of the perpendicular tangent plane is 

x'x + y'y + zz = V(aV ^ + b'y' "" + c';^' ; 

let the tangent PQ meet this plane in Q and draw F perpendicular 
to PQ from the centre, then OQ'=YQ'-{-OY'=: YQ'^ OP'-PY' 

= aV + i'3/" + C'z" + a;^ + y + ;5« - ((c'iC + ^> + z'z)'. 
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By the geodesic equations, hoticing that x^ + y'^ + 2;'^ = 1, 

•27 y Z CL tC X "T" • • • .ir^ "T" • • • 

0,7 a'* 2^/j6'' 2;/c* XX +.,. 1 ' 

, • • Co t// *0 ~|* • • • — I JjX *T* • • • J I tK/dCi ~T~ • • > I • 

.'. aVa;"4-...+ ^'i:'+...— (xx +,,.) d (xx ■]■».,) j ds = 0, 

.'. ^dOQ^jds^O^ or (?§ is constant. 

This can also be deduced from Joachimsthal's theorem, for since 
xxld'+...= 0, - 2i/'z'yz = b'c'(yYlb' + z"z'lG'--x"x'la% 

/. (y ^ - 2»* = 3/'^ (z' + cy / JO 4- «" (y + i'^' / c'O - &:c VV / a* 

= 6V {(1 - ;r^/ a'*) 0/'//r 4 ^''^/o') - cc' V/a^} 
= cY + i''^" - a'6 Vi>'' x' la\ 

.-. g^ = a'x" + t^'i/'^ + c'z" + Oy'^ - ;j'3^)' + (z'x - a'';^)' + (xy - y^;)'^ 

, LVI. 

(1) Take the orighi in the vertex of the cone, and let AP be an 
arc s of the geodesic, P2\ a tangent at F(x, y^ z)^ xs + c, f, 97, f 

, coordinates of T, .\ f = a: — (5 + c) a:', f ' = — (s + c) »"•, &c. 

If jF=«0 be the equation of the conical surface, xdFjdx+»,»=0^ 

.*. a;x"+...= 0, also a;V+...= 0, 

.-. f|'4-...= and f*''4-^^+ 5'* = constant, proving L 

Also fa;"-f,..= and a:'f4...= 0, 

.*. x|+.. = constant, proving 11. and |a:"+...= 0, proves iii. 

(2) The directions of the normal at P(xyy^ 3), the tangent to 
the geodesic, and the perpendicular to both, are {pxjd^ pyjb'^ pzjc")^ 
(x, y\ 2), and (/, 7«, w), hence, by Art. 146, 

x =mpzlc^ ^npyjli^ and V* = (x''/a*+...)p"*j 
.-. aVc'IX'=^ Vc\mzlc'- nyjb'y^- cV (wx/a*- Z;s/cO'+ a'i* (/#'- mxldj 

= Pa* + rrt'6''' + w V - Z V - mY - w's' - 2?w w^» -- . . . , 
..; (p 4. j^'^ + ,,0 aVc'l \' = ZV + mV + «V - (Zx + my + w^)*. (1) 

Bat, (Z, ?«, 7?) being the direction of the generating line of the 
scroll, Ix + my + oiz = 2?', and /V + 9«*i' + tzV =y * ; /. (I) gives 
the theorem as corrected in the errata. 

(»H) Let Pr, ^r be geodesic tangents to an arc PQ of the 
curve, Bu the angle between the tangents which is ultimately the 
angle of geodesic contingence; by Art, 761, 7'sin6^ is constant 
throughout the geodesic; if r, 6' be the values of r and 6 at T 
in Pl\ r, d' + Bu are those at Tin QT, 

.*. r' sin 0' = r sin and r sin {6' + Sm) = r sin 5 + 8 (r sin ^), 

or sin (6' + Sii)jsm ^' = 1 + 8 (r sin 5) /r sin ^ ; 

.*. ultimately dit coi0 = d (r sin 6) jr sin ^. 
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(4) The cusp is where -^=0, and tne tangent at the cusp is the 
axis of the generating curve; take Oz the axis of revolution, at a 
distance 2c from the cusp, and let (r, ^, z) be any point in the 
surface ; dr = ds cos yjr = 2c tan ^ set ^ dyjr ; 

.'. r = 2c sec^5 also tZ^j = Jr tan ^, 

hence 1 = r'5" + r"* -f z' ^ r'ff^ + r" sec'fy 

and by the property of a geodesic on a surface of revolution 

rV = a, /. r*e"la' = r'd" + r' VV4c', 

/. {drjdey = 4c* (r'la' - I), /. e'^^'l^ + e'-''^'' = 2r /a. 

(5) At any point (p, ^, ^) of the surface, 8/3/0 = e*^''+ e"'*^*'^ 
whence dz = cdpl's/(p^ -o^). 

For any curve traced on the surface, if 4>'='d<f>lds, &c., 

and for a geodesic />V = constant = A-c suppose, 

hence, for the projection, (d(f>ldpy (p^ - c') (p' - A;V) = AV, 

let c=^p sin X, J</> = k d\l^(l — A* sin*\), 

/. \ = ara (0//', A), c = p sn(^/i, A). 

(6) Let the equation of the spheroid be /•'/a*4-^'/c'= 1, 
/. rr la!' 4 zz' jc^ = 0, where r denotes drjdsj &c., and for a geodesic, 
7'^d' = 6, a constant ; 

l=:r'0" + r"'-^z" Rndr''ie"'^(drldey=r*jp'-9'% 

. . r'jb' = r' + (//;/ -0(1+ cV/aV),. 

or /(a'-r* + iV/aO = t'K-^'(l-cV«0} (0- 
Let (7 be the centre of the elliptic base of a cone whose vertex 
is Fand axis F(7, and let CY he perpendicular on the tangent FY 
to the ellipse, VY is perpendicular to FY; PF will be the tangent 
to the curve traced by the perimeter of the ellippe on the plane on 
which the cone rolls, and if VF=rj VY=p^ VC=li^ and a, /J be 
the semi-axes of the ellipse, 

CF' = r» - A' and CY'^p' - h%. 

or/(a' + /3^ + A'^-r*) = a';3^ + A''(a'' + /3* + A0-AV, 

which is of the same form as (1), and a, ^, h can be found so that 
the curves are the same. 

(7) Let (r, ^, z) he the point 8 in cylindrical coordinates, where 
S is the focus of the ellipse rolling on OZ and touching it at P, (f> 
the inclination of SF to OZ] ihe tangent to the roulette is perpen- 
dicular to /S'P, .'. dz = dr tau0 ; and, writing r fur drjds^ &c., 
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By the geodesic property r'^'=B constants! a sin 7, (2); also 
^ (o + )8) and \/(afi) being the semi-axes of the ellipse, 

«;S/r'= (a + ^)J8P- 1 ; .-. (a+ j8) r'' 3in^ = a;8r-' + 1, 

(a + $y r-' cos" ^ = (a + )S)' r"^ - (a/3r-'+ 1)'= a'^ (V- oT'XSr'- O. 

by (1) and (2), 

(dey {r* (a sin ^y - ?} = (dry (a-' + /S"')' r''/ (»•■' - O (/S"' - O- 

Let sin'f (/S"' - a"') = r"- - a"*, .-. cos'i^ (yS"' - a"*) = /S^ - »•-», 

sin ^ cos ^ <f ^ (/8^ - a"') = — rfr . r"' ; 

.-. (<?5)' {a-' cot'7 - (/3-' - a-*) sin' V^j = (a"' + ^y {dfy, 

&ni. fi0 =Jdyjr I >J (I -k^aia'fy] :. r-'i=a"'cn'(A*^) + /3"'8n'(M^). 

/ 

(8) For the helicoid let x^^rcosdj y^rsinO^ z-md^ hcBce, 
for the geodesic, x'lmy^y"l'-mx=^z"JT^y :.xy" —yx" •{ mz'^-O^ 
and (/ + m^) ff = J, see problem LI V. (8) ; 

and {drldey = (//0')' = (^' + ^w') 0'' + ^' - V)lb\ 
i. l<m^ let r = 7w cot>^, dr j \/(r^ + rn^) ^ — cosecyfr d^ ] 
... (a - e) /A- =Jdylr 1^/(1 - A' sin' Vr), ^ = J/tw, 
hence r tn {''a — 0)lk] — m. 

li. t > 7w, let r = V(^>' - '»0 sec^, drj^Kf + w' - i*) = sec^ J^, 
/. ^ - a = /6 sec i/r di/r / V(t' sec'i^ - m^ tan' >^) =/^it / //(I - A' sin' f ), 
where A: ^ tw/ J, ,\ r en (^ - a) = w ^/{\ - A'')/A;. 

LVII. 

(1) Writing and 7 for o' - i' and a' — c*, and eliminating 5, 

:.x'ja'-\-y'lb'-\-z'lc'^l. (1) . 

Let ^M(&'+c'), Ki8+7)=a -^-N and 1(7-/3) = i»-A'=-(o'-F); 

... a:'la\a'^k')+y'lb'(b'-k') + z'lc:'(c'--k')=^0. (2) 
Multiply (2) by h' and add to (I), /. x''l{a?-k') +...= L 

(2) Using the notation of Art. 810, shew that 

sina = ?(V + xyp)+...= (ZVi+...)^jP; 
.-. a = - TPdp^ and similarly /J = - TQdq^ ultimately. 

(3) By Art. 803 the condition that the curves {p) may be chief 
curves is -4a" + -B/S"+ (77"=-0, and that the same curves should be 
geodesic, the condition is, by Art. 805, (Fa!- G^a)a"+...= 0, the 
two conditions not being generally the same. 
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(4) With the curvilinear coordinates used in Art. 831, 

P being a function of ^t* only, therefore in the equation of a geodesic 
line in Art. 805, E=fi\G==\,E^^ 200^, 

:. 2y3' (p'q" - //) - 2^0,qy' = 0. (1) 

Since the line of strictlon makes a constant angle with the gene- 
rators dq^ = C^dpj .-. hgq^' - logp = log(7+ log/8, 

.-. ?o7?o' -p"Ip -^P0J0, .-. pq:' - 2>' = i:p%l^. 

which compared With (1), shews that such a line of striction is a 
geodesic line. 

(5) See first paragraJph of Art. 833. 

(6) The tangent plane ait any point of a generating liiie Aa 
depends only on the position of a consecutive generator Bi ; hence 
a twist about Bb in the deformation does not change the relative 
positions of the tangent planes. 

(7) In the diflFereatial equation of Art. 805, shew that E^ sin'^r, 
<? = lj F=Oj and that the ^equation biecomes, if p be made the 
independent variable instead of ^, ' 

2 sin*^ d*ql(dpy — 2 sin'j cosy - 4 sin j C0Bq(dqldpy = 0, 

.'. cosec*g (dqfdpy = — cosec'g + cosecV, 

.•. j9f — 7 = -Jd cbtj/VCcot'a — cot'g') = cos"* (cot j tana), 

.*. cos (y — 7) = cot g' tan a. 

Let P be the pole, and PB the first meridian, and let the longitude 
and co-latitude of Q heLBPQ^p and PQ=qy those of ^, iBPA^y^ 
PA=a] .-., in the spherical triangle PAQ, cos JPQ=cotP$tanP4> 
.-. QA is a great circle perpendicular to PA. 

LVIII. 

(1) Since a, ff are functions of a and /S, 

which is true for an infinite number of values of da: d0] 

fda\ /d0\ _ /da'\' /d0'\' , da' da! dff d/3' _ 

•'• \di) "^ \di) ""U/S; ^WJ' da d^'^d^d^^^' 

^ d0' da' d0' da' , da' ^ da' ^ dfi' 
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This theorem does not depend on the network upon the surface 
being of squares, it may be of any similar rectangles. 

(2) Take p, q elliptic coordinates of any point on the ellipsoid, 
fl", K are the reciprocals of the principal radii of curvature, corre- 
sponding to p and q constant. 

By Art. 789, P' =;? {p - 2)/4 (a ^-p) (h +p) (c +i?), 

by Arts. 291, 720, K= >^{abc)lp^qh, B^ >sj{abc)\p\^, and, by Art. 
810, 2'=0. The equation (7), Art. 815, becomes XP-f (Jr-fl)P,=0 
and is satisfied by the above values of J?, Z*, and JP. 

(3) In this system of coordinates, the position of any point P 
in the hyperboloid is given by taking two fixed generating lines of 
opposite systems Oif, 0^,. and drawing through P two generators 
FM^ FN; the position of P is given by the values OM=p^ 0N= q. 

The equation of a plane curve must be such that for a given 
value of p there is only one value of q and vice versd ; the eqliation 
must therefore be of the form proposed. It should be observed, 
however, that the equation appears in this form only for a particular 
method of determining the generating lines, any single valued 
functions of p and q might be substituted for p and q respectively. 
Thus, as in Art. 214, if 

a;=acos(p+2')sec(;?--g'), y =b sin (p-\-q) sec(p— j), «=ctan(p— j), 

p and q constant would fix two generating lines of opposite systems, 

and, for any plane curve, if Az + Bi/ + Oz + D = 0^ 

A' tanptang + P'tan^+C" tanj + Z>' = 0. 

(4) Let the equation of the hyperboloid be (x^-\- y^) / a*— z^ / c*= 1 , 
where a = ctan)8, and let q be the length of a generating line 
between the points (a?, y, z) and (a cos a, a sin a, 0), so that z=q cosyS, 
aj = acosa — g'sin/Ssina, y = a sina + g'sinyS cosa, whence 

(dsy = (dqy + 2a sin ^dadq-^ (q\ sin"^ + a*) (da)% 

which can be expressed in several different forms, viz. 

i. (dsy = (dq sin + aday + {(dqy + (q tan /3 da)'} cos'^S, 

which, if adoL^cdp^ gives the element of an arc traced on the 
surface given hy x^q cosyS cos^, y^q cos^S sin^, is = cp + g sin/8, 
and constructed as follows : in Oz take OA = cp = aa ; in a plane 
through Oz inclined to the plane zx at an angle jp, draw a straight 
line -4P, making with Oz an angle iTr — ^, then AP generates 
a surface defined as a helicoidal surface in Art. 837. Hence the 
hyperboloid can be deformed so that the arc aoL of the principal 

♦ Monge ed, Liouvilkj p. 572, 
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circle is bent into a straight line, and the generating liaea of the 
hyperboloid become those of the surface. 

where 2? = a sin )3, in this form ds is an element of an arc described 
on a surface for which 

dx^^ (dq + adp) sifl/> — q cos^ dpj or a; = - j sinp + a cosp,^ 

dy=^'-(dq + adp)QO^pA-q^vDkpdp, or y === — jcosj> — a sin;*, 

dz^a cot /3dpj or « = a cotfip = aa cos)8, 

thus the arc aa of the circle is bent on the arc of the helix whose 
pitch is ^TT — /8. 

iii. (dsy==(q'Bin'0 + a'){doL + a^infidql(q'sin^fi + a^)Y 

4- (dqy (/ sin'^/S + a» cos'/S) / (q' sin^'IS + a'), 

or, since a=ctan/8, =^{q'W^Qc'^Xdpy+\dqy{^^^ 

where' dp = sin ^[doL-\-c sec Pdql{^-\-<^ sec*/8)} ; 

let 2* + c' 8ec*/S =. r' ; 

then (dsy = rV + {dry [\ 4 cV(r' - c' sec'/S)) 

=s (ro^)' + (dry + (c?a?)% where r = c secyS cosh (a?/c), 

and p = sin/8 {a H- tan"* {q cos/S/c)}, 

shewing the applicability to a surface of revolution, 

tjijy + «') = c sec^ cosh (:c/c). 

j=:;0 corresponds to the principal circular section of the hyper- 
boloid, and also to that of the surface to which it is applied, on 
which it extends over an angle 27r sin^, 

(6) See figi p. 350. A surface of revolution into which the sphere 
may be deformed is that generated by double A'D'E* not unlike 
the arc of a circle, OE* being the half-chord and OA' the versed- 
sine, OE' > OA and OA'<OA. 

Figure p. 351. A zjone of the sphere may be deformed into 
a portion of a surface of revolution generated by double A'F\ which 
resembles a semi-ellipse, revolving about OE^ the semi-axis being 
less than OE and the greatest radius OA' greater than OA^ the 
latitudes of the bounding small circles of the zone being not greater 

than sin-* (04/0^')-* 

(6) Let the surface be referred to the tangent plane and principal 
normal planes as coordinate planes ; near the origin its equation 
is 2z = aa? 4 ly*. Let s be the small arc of a geodesic through 0, 
whose tangent at makes an angle a with Ox^ then, denoting 
dxjdshj x'j &c., X* = cos a and y' = sin a, when s = ; 

sf' =r axx' -\- byy' and z" =^a(xx" + x") + b (yy" + y'^)* 

hence, when s = 0, «' = 0, z" = a cos'a 4- b sin'a. 

♦ Cayley, Mess. ofMatk.f vol. vi. p. 88, 
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By the equations pf a geodesic 

a;" + aaja;" = 0, /. a?'" + aar«' " + oxV = 0, 
hence, when 8= 0, x" = 0, x'" = - a cos a (a cos'a + h sin'a). 
Hence, if (f , 17, f ) be the extremity of the radius p of the 
geodesic circle, along which s is measured, by Maclaurin's theorem, 
neglecting terms in p\ 

f = p cos a — ip' (a" cos^a + ah cos a sin'a), 

similarly v=P sin a — Jp' (6* sin'a + aJ sin a co3*a), 

V aud f = Jp* (a coa'a + i sin'a). 

Let J<7 be a small arc of the geodesic circle, the extremities 
corresponding to a and a + rfa, 

d^jda = — p sina H- Jp® {3a' cos*a sin a + ab (sin'a — 2 sin a cos'a)}, 

dj^Jdoi = p cos a — Jp® {3 J" sin*a cos a + ai (cos®a - 2 cos a sin*a)}, 

rf^/da = p*(h — a) sin a cos a ; 

/. (da I day = p*— Jp*a J (sin*a + co8*a - 4 sin*a cos*a) — 2p*a5 sin'a cos'a 

and tl|ie perimeter of the circle is 27rp — ^Trp'aJ.* 

On deformatiop of the surface, the circle remains a geodesic 
circle, with the same radius, therefore the specific curvature at 0, 
which is abj remains unaltered. 

The area of the geodesic circle is 

j;'!/ ds da 3 (I- KaJ) = Trp^ (1 - ,^,p'ab}. 

(7) By Art. 832 the change of the angle of contingence of the 
normal section perpendicular to a given generating line is ydp^ the 
angle between consecutive shortest distances, which distances arq 
perpendicular to consecutive facets of the director cone. 

LIX. 

(1) Fig 7. Let aFQb be one of the curves cutting orthogo-r 
nally the generating lines of one system, AMN the particular curve 
which passes through A where ^ = Q, = 0, and let PJf, QN be 
two consecutive generators intersecting the principal circular section 
ABmP\ Q\ the angles A OP' and AOQ being p and^ + rfp; 
and since the projection of P'JP on the plane A OP' is the tangent 
P'T at P\ and ^ is the angle between any generating line and the 
axis 6z^ P'T= « tan y8 = a tan 0, .-. TOP' = ^ SLud p-h<f>^0. 

Let MP^q=NQ and MP'=^\ then dq' ^NQ'-MF^^adp sin ^^ 
/. 2' = op sin /8; also (j — g') coQ)8 = « = aco$/8tan0, 
.-. tan0 = (2/fl5— ^sin)8) sinyS. 
.'. ^ — + cosec*/8tan0 = coseci8j/a. 

* See Puiseux quoted in Monge ed. LiouviUe^ p. 586. 
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(2) Using the hyperbolold of the last problem, 

PQ = ap sin /3, PQ = a (p + 27r) sin /3, &c. ; 
/. QQ'-=Q' Q" =. . .= 27ra sin ^8, 
which is independent of the position of the generating line inter- 
sected by tlie curve A Q. 

At Qj i5 = --P$cosy8= — apsin/8cos/8, 
/. x=^a cosp + op sin*/3 sinp, ^ = a sinj? - op sin*^ cosp, 
/. (dsy = a' (t?^)' (cos*/3 +/ sin*/3) + a' (dp)' sin^/S cos'/3 

= «' W (cos'^/S +/ sin*/3), 
and cot ^ =^ sin )8 tan ^, /. c& = a cot'/S cosec -^ J cot -^ ; 
/. « = Ja cot*^ {cot ylr cosec ^ + log (cosec yjr + cot yjr)]. 

(3) Let the conicoid be x^la-\-y^lb-\'Z^lc='lj (1), and the 
consecutive confocal aj'/(a-irA;)+...= l ; if «r, w' be the perpen- 
diculars from the centre on parallel tangent planes cr'* — ©'rs^, 
hence, the distance from the point of contact with (1) to the 
consecutive confocal is ultimately ^r' — 'bj = A;/(«7' + -cj-), which varies 
as w"*, ultimately. 

Let the curves (»), (»'), (5^), (j'), determine the lines of 
curvature which are the sides of the quadrilateral ; for the point 
whose elliptic coordinates are^, g, 'Sf^pg^^ahc^ and pq^ : pg[=^pq -i^'Sj 
whence the theorem. 

(4) Use the equation of the wave surface 

a^Kfi'-a)-^h/l(p'-h) + cz'l(p'-o) = 0, (1), p'=x'+y' + zK 

Let the elliptic coordinates p, q, r be taken belonging to the 
conicoid a?l—a+y*j—b + z*j—c = \, being the roots of 

(k-a)(k-b)ik-c)-x\Tc-h)(k-c)-...=(i, 

80 that jp + j + r = a + i + c + /j*; (2) 

arranging according to powers of A; — a, 

(A-a)' + P(A-o)''+ e(A-a)-a!*(a-5)(a-c) = 0, 

/. a? (a — b)(a — c) = — (a —p) (a — q)(a — r)] 

and 80 bva") «(«-P)(^ -?)(«->•) I _o (i\ 
ana so, Dy (.i;, ^, _ ^^ ^^ _ j^ ^^ _ ^^ +.•— o. W 

^** (p'-e)(<-a)(<-i)(«-c)-^f-a^«-6^<-c^/()»-f ' 
ffl(a-^)(a-g)(a-r) y,_ p' (p* - p) (p' - g) (p* - r) 
^-(p'-a)(a-J)(a-c)' ■^- (p» - «) (p' - J) (p* - c) ' 
plearing of fractions and equating the coefficients of ^, 

ji + 5+ (7-Z>=;? + 2 + r-a-J-c-p* = 0; by (2); 

.-. 2> = ^ + jB+(7=0, by (3); 

.-. (p — p') (j - /»') (r - /»*) = 0, the result required. 

See Cayley on this equation, Mess, of Math vol. Viii. p. 19L 
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(5) dPldt=:ma{(n+l)f+(n''l)e'%dqldt=^ae'\e+l)j 

Pdtldq^mt^ dP/cZ^smfn + l -2/(«"+ 1)}, 

/. P^=4mV/(«'+l)«, and P»^=4wiVr, 

(6) By Art. 841, since In a surface of revolution of which the 
curves (») are meridians P is a function of q only, ^, = 0; 
.'. =20 IS a function of p only, which proves i., since is constant 
for the same meridian. Also ^j = 7w«, .-. <f> = 2d=mn(p+p^] 
,\ — 0' cc p — y for the same line of curvature, which proves ii. 

(7) Let the equation of the surface generated by the revolution 
of the hypocycloid about the axis of a; be r^-\-x^:= cS, where 
r^ = y* + z'. Take q for the arc of a meridian measured from a 
cusp A in the axis of aj to a point P; ds an element PQ of a curve 
drawn through P is given by {d8y=^{dq)^-\-r^(dpyj where dp is 
the angle between the meridian planes AP^ AQ] and r^^-ir^jc- 

Let r= r sec a, p^p cos a, 

then {dsy^(dqy ^rr'idpy^idqy -^-r'^dpy^, 

hence,^ since r'*=^^^lc'j where c' = csec*a, the given surface Is 
applicable to another surface of revolution, whose equation is 

r ' + a:' = c , namely, a surface generated by a hypocycloid similar 
to the former whose linear dimensions are greater than those of 
the former in the ratio sec'a : 1. 

The arc of the generating hypocycloid between two cusps 
extends, when bent along that of the new surface, only to a point 

where r' = c cosa, and dr I dq = (r'lc'y =^co&a. (I) 

If the two halves of the nrst surface be bent on the corresponding 
sheets of the second surface, and the unoccupied portions be removed, 
the occupied portions can be placed together, so as to become a 
surface with an edge not cuspidal but at which the sheets Intersect 
at an angle 2a, by (1). 

(8) Using the figure and notation of Art. 831, tan/=(j- j^,)//8, 
in which as P moves along Aa^ fi and q^ are unaltered, 

.-. secUdIldt=^VI^, /. dljdt^VcosUI^, 

and — cQffljff is the specific curvature at P= — (B^R^y^. 

LX. 

(1) I. Let Pj Jj i>, 2^; p*j ?'; Pf q be the elliptic coordinates 
of the angular points A, P, C, D of the quadrilateral. 

* Bour, Joxir, de VEc, Pol. i. Cah. 39, p. 99. 


PROBLEMS LX. 95 

:. 0A' + 0C'=p + q+p' + q' + 2(a'\-b + c)^0B'-{-0D\ (1) 
il. Let (Z, rw, n) and {l\ w', w') be the directions of OA and 0(7, 
/., by Art. 287, ?. OA"* ^a(a^p){a-^q)l{a-h){a'- c), 

r. 0(7» = o (a +2?') (a + 2')/(a - 5) (a - c), 
.-. Zy.O^.O(7=/v/{(a+2))(a + y)(aH-;?')(aH-3')}a/(a-&)(a-c), 
and if (\, /*, v) and (X', /*', v') be the directions of OB and Oi>, 

Thus OA.OC QV + ww' + nn) ^OB.OD (XV + fifi + vv), 
or OA.OC cos AOC=OB.ODcobBOD; 
.-, OA' + OC'-AC'=^OB' + OI)''-BD', and, by (1), ^0=52). 

iii. Let a;'/(a + ^)+...= l be the confocal ellipsoid, 

then p + q-\-r=iOA'*'-a'-b — c] 
:. OA"^ OA'^r, similarly for B\ C\ D\ 

(2) Let the conicoids (1), (2), and (3) be respectively an 
ellipsoid, a hyperboloid of one sheet, and of two sheets, so that 
p>q>r. By Art. 296, /? — y, p — r are the squares of the semi- 
axes of the central section of tne ellipsoid by a plane parallel to 
the tangent plane at the point of intersection of the three conicoids. 
Hence, by Art. 720, p^/pr=(P""*')/(2^~"2); similarly, since the 
two centres of principal curvature of the hyperboloid of one sheet 
are on opposite sides of the tangent plane, 

<^r/^p=-(jp-2)/(?-0; •^p/'^,=(2-»')/(i>-^); 

(3) By Art. 502, p"^ = w' + (duldOy + cosec'^ (duld4>)% 

/. sec*-*^ = r*// = 1 + (<? logrjddy + cosec''^ (d logr/f?^)» ; 

/. tanV = P' + Q\ 
In the case of the ellipsoid ax^ + by' + c«* = 1, 

r"* = sin''^ (a cos*^ + b sin*0) + c cos'^, 

P= d logrldd = — r* sin 6 cos (a cos*<b + b &m'(f> — c), 

Q = cosec 6 d \ogrjd^ = — r* sin sin <^ cos ^ (J — a), 

(1 + P') r-* = sin*« (« cos*^ + b sin^)' + c' cos'5, 

(1 + p» + Q'') r"* = An' 6 (a^ cos> + 6' 8in» + c* cos'^ ; 

.-. 1 + P' + (?• = r* (aV + jy + cV) = r'// = sec^. 

(4) Since (g* + 1) (I ^-pq) + (y* - 1) (1.- 2??) = 23* + 2/>e, 

.*. (?* + I) aj/a + (2' - 1) 5?/c = 2j, 
hence all the points of the striating line for which q is constant lie 
in a plane ; similarly for p ; hence the striating lines are generatbg 
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lines, and the lines of curvature bisect the angles between the lines 
(/?) and (j) through which they pass, 

.•; E(dpy - G (dqf = 0, Art. 796. 

Shew that (&)' {p + ?)* = a* {(/^ 1) dp + (;?« - 1) %}' 

+ 46"^ (2 rf;> -;?^?)' + c» {(y« + 1) (Z^ + (/ + 1) c?2}', 

hence, that E(p + qyi(a* + c') = j* - S^g* + 1, 

G(p-^qyi(a' + c')=p*^2Ap'+l. 

(5) By Art. 831, the specific curvature at any point (p^ q) is 

■"^''/{(2""3o)*+'^}*? '^hich is zero where q—q^is finite, but is — )8~' 
at the point where the generating line meets the line of striction. 

The ezplalnation of the discontinuity is given by making J— Jo^^^ 
and the specific curvatufe y, ,tracing the curve, and observing the 
form as $ gradually diminishes. Fig. 8 represents the two forms 
when ^=1 and ^. In the general case the point of inflexion' is 
where x = ^H^s and the radius of curvature where a = 0, y = — ^~* 
is i/8\ 

The curves corresponding to /8 and ^8' intersect where a? = fifi*. 

(6) Fig. p. 347. The equations of a generating line Aa through 
the point (a cos^, a sin^, 0) are, if c-^ a tana, 

a; = (a — 21 cota) cos^, 2/ = (^ + ^ cota) sin^. 

Let (aj, y, z) and (a? + Sa;, y + S^, z + hz) be the points A^ B' ifi 
which the line of shortest distance meets Aa and the consecutive 
generator Bb ; since AB' is perpendicular to Aa and Bbj 

— hx cos ^ + 5y sin ^ + S« tan a = 0, (1) 

and Sajsin^+Sy cos^ = 0; (2) 

also Sa; = — S^jcotacos^ — (a— 2J cota) sin^J^, 

and hy = hz- cot a sin ^ + (« + « cot a) cos 6 d6j 

by (1), 8^? = - asinacosasin25rf^, and by (2), «=— atanacos25; 

.-. x — 2a cos^^, y = 2a sin'^, are coordinates of A. 

To find the four elements of the scroll, viz. AB\ B'B and the 
angles, c?^ between -4a, Bb^ and rf0 between -4jB', J5(7', 

fire/cos 5 = %/- sin d = 8z tan a = — a sin'a sin2^ rf^ ; 

/. ^5" = (Sxy + (Sy)' 4 (Sis)^ = a' sin*a 8in'2^ (e?^)', 

^5' = {(-^ 3 sin 2^ cos ^)' + (3 sin 2^ sin Oy 

+ (- 2 tan a sin 2ey} a' (dOy, 

/. B'B' = (9 + 4 tan'a - sin'a) a' sin*2^ (rf(9)*, 

whence B'B= (3 + 2 tan'a) a cos a sin 2d dd = da-y 'suppose. 

The direction-cosines of ^a are - cos ^ cos a, sin ^ cos a, and sin a, 

.-. cosrf^ = cos'^a {cos 6 cos {0 + dd) + sin sin (0 + c?^)} + sin*a 

= cos^a cosrf^ + sin'a, 

.'. ^^ = cosac?^; similarly dj>=^hmad0. 
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In the deformatioti propased, all the generating lines are parallel 
to a fixed plane-, to which the lines of shortest distances are perpen- 
dicular, and they are all tangents to a cylindrical surface whose 
base is the' limit of the polygon of which the sides are projections 
of such lines as B'B on tne fixed plane; hence if -^ be the 
inclination of BB' to a fixed line in the plane, the intrinsic equation 
of the base of the cylinder is dajcf"^ = (3 + 2 tan'^'a) a sin (3 sec a •^), 
which is that of a hypocyclold j the radii iZ, r of the fixed and 
moving circles are given by 

icosa=r=l-2?'/iZ, and 4r (jB - r)/(ii - 2r)=: (3 +2 tan'a) a. 

The locus of the points of contact of the generators of the 
deformed scroll with the cylindrical surface is a curve, the tangent 
of whose inclination toi the base is the limit of B'BjAB\ which 
is constant. 

(7) The element ds of a durve drawn in anjr direction on the 
sphere is unaltered in length when the sphere is defoil'med, Iience 
for all values of dp : dq 

cos'^ (dpy + (dqY 

= (1 + Say [cos' (q +Sq){d(p + Sp)Y + {cZ (? + Sq)Y] + (SaJ, 

and retaining only the first powers of the increments Sp^ 8g, Sa, 

(co6*2 Sa — sin q cob q Sq) (dpy^- cos'j dhpdp-\-haL (dqy-V dSqdq == ; 

observe that d8p:=dp -7-^ + dq —^ , &c.j 

and equate the coefficients of (dpY^ dpdq and (dqf to zero^ 

whence Qd^qha -^ sin ^ QO%qtq + con^^dSpldp =: 0, 

cos*qd8pldq + dSqldp=iO^ and ha-^-diqfdq^Oj (1) 

/. secjrfSj/rfg' + tang' secqSq -- secqdSp j dp^O^ 

or d(secqSq) I dq — 8ecqdSpldp=:i0j 

alsa cosqdSp I dq + d (secqSq) I dp = 0j and duldq=^secqj 

;. d(BecqSqyidu^dBpldp=:0, (2) 

d {secqSq)ldp-{-dSpldu ±= j 

•• du' "^ df """• 

The most general real value of Sp is, y («) and ^ (z) being real 
functions, f(p + iu) +f(p — iu) + t {<f> (p + iu) — (pip — iu)]. 

Let f(z)=iG cossz and <f>{z)^D sin 53, 

8p = 2 (7 cos 5p cos siu + 2 iD cos sp sin siu 

= C C085P (e"*" ■+ e*") + i> co&5^ (c"" - e~), 

and e" = {1 + COS (^ w - 5)} / sin Qtt t ?) = cot (^tt - ^y), 

therefore, writing -4 for G+D and jBfor C—JD^ 

Bj) = cos5p {A tan* (^Tr - i?) + 5 cot* (^Tr - ^j)}. 




98 PROBLEMS LX., LXI. 

By (2), d(stcqSq)ldu:=i^ s sin^(^e"- + J50> 

/. 9Gcq Sq^ sin sp {Ae^ — Se*^). 
By (1), Ba^--dSqldq^smspsinq(Ae"^ ^Se'*') 

+ tin sp (Ase"' + Bse'^). 

LXI. 

(1) The equations of the generating circle are 

a; = a, y^ + z' ^ I3y •{■ yz^ 
and the functional equation of the surface isy*+«*=j(/'(a;)+«<^(ic); 

l+^qzly'-z'ly' = <j>(x)(2/q^»)iy. 
Differentiate, with respect to y, the equation 

log (y* - «' + 2 J2^«) - log (j/q-z) = log <^ (;c). 

(2) The equations of the generating line are y = aaj, a?=ai8«-f 7, 
■where (I + a") 7' = a', /. I3z = x — axl^(x'+y*), and fi is an arbi- 
trary function of a or y/x; multiply by \/(^' + y')/^j ^l^^n 
«/(y/^)=V(a;'+yO-«; shew that (;?a:+j^)/2j=:V(^''+/)/{\/(« +y*)-«}- 

(3) The equation of the conoid, having Oz for axis, must be 
of the form y (az* 4- 2ffz + 7) = a; (aV + 2/8 « + 7), Art. 854, any 
plane y = mx contains the axis and two generating lines corre- 
sponding to z=sz^ and 2f = ^„ «i, «, being roots of 

(ma - a) «* + 2 (w)8 - ^8') 2; + ^17 - 7' = 0. 

(4) The equation can be written in the form 

5J* (« — a; 4 « - yV + 2«(a — 2) {2J-ar-(«— y)}'- 2a'(«-a;)(«-y)=0 ; 
/. (z - aj)/(« — y) =f(z) ; the required result follows, Art. 854. 

(5) The middle point of a chord inclined to Ox at an angle a 
is (acos'a, acos.asina, 0), and the equation of the corresponding 
sphere is cc'* + y' + «' = 2a (x cos'a + y cos a sin a), 

or aj' + ,y"+«' — «i» = a^cos2a + ay sin2a, * 

for the envelope ~ or sin 2a + y cos 2a = 0. Eliminate a. 

(6) For the envelope, adl+ydm+zdn^^O^ ldl-\-mdm'\-ndn = 0^ 
and Xdl-^- fidm-\- vdn^O] if aj+-4Z+jBX=0 and y 4- -4m + jB/a = 0, 
then z + An-\-Bv=iO: 

.'. ?aJH-wy4-w« + -4 (P + 7w'4-n") = 0, or a4--4 = 0; 

.-. a:'4y*45J*-a' = -^(XaJ4AfryH->«), 

\a? 4- fty + v« = - ^ (V + /*' 4- v*). Eliminate jB. 

(7) Let y*lb + z^lc = x be the equation of the paraboloid; the 
squares of the semi-axes of the section by the plane x=^a are ia, ca, 
and the equation of the ellipsoid of which this is a principal section 
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Is (x — GLyfa-^- t/^lb + z'lc^a, if each of the series be similar to 
x^la + y'lb+z^lc=l. We have for the envelope —2 (ar — a)/a^l, 
hence the equation is y^ jb -^ z^ I o — x^\a. 

(8) Shew, as in Art. 240^ that the area of the section of a 
hyperboloid of one sheet, whose equation is aa5' + Jv* + c«* = X, 
c being negative, is equal to (l+p'*/©-*\)7r\(— a6c)'^/«r, where 
iff^^--Pla''m*lb-n''lc. 

Hence, when \=0, in which case the hjperboloid becomes a cone, 
the area of the section of the cone by the plane Ix + my + nz =ip 
is IT (— abcy^p^fvT^ ; and, since the volume cut off by the plane 
is constant, (^pl'^y is constant. Thus the equation of the cutting 
plane is hs + my '{'nz=p=9i G /s/(—ria — m^lb'-n'lc)y where C is 
constant, the plane is therefore a tangent planie to the byper* 
boloid oa;' + fey + ca' =i — C. 

LXIL 

(1) Shew that the equations of the generating lines can be 
put in the form mx ^ az ■}■ fic^ y :=s fiz + ac^ (1) 

.-. w«aj — cy = a(«*— c"), (2) 

yz-'mex^P{z^-'(?\ (3) and i8=/(-a). 

For any direction denoted by dx^ dy^ dz on the envelope, 
Vdx + Vdy + Wdz = 0, and if this be the direction of the generating 
line (1), mdx^adZj dy=sl3dz^ :. aU-j-mfiV-^-mW^Oy whence 
the corrected result, by (2) and (3). 

(2) i. The equation of the tangent plane at (x^ y, z) is 
i"Z=p(^-x) + q(v-y)^ :.px + qy = z-k''*'lz\ 

To integrate this equation dx jx = dyly=: z'^dzKz'^^ - A;"**) ; 
.'. y = fltr and (w + 1) logo? + log )8 = log («"**- A"*^), 
.-. z""*' - F^^ = fix"*' = :F"V(y /•»)• 
ii. The intercepts by the tangent plane on Ox and Oy are 

(px + qy-z)lp and (px + qy- z)lq, :. pz^qy^ 

write t for y /a;, then {n + 1) «> = (w + 1) xy(() - aj""^/' {t\ 

and (n + l)i5-j = c»y'(0, /. t^ (n +!)/({) If (i)-t, 

hence / ' (0//(0 = i (^ + 1'\ and f{t)=Ct^^''*'K 

(3) The functional equation is obtained from 

a/ccos^ + y/csin^^l and d=^f(z). 
For the differential equation 

sec ^ + (4? sec 6 tan ^ — y cosec 6 cot ^) //' (2) = 0, 
cosec d+ix sec d tan ^ -- y cosec ^ cot ff) qf {z)=iO\ 
:. cos^/25=sin^/;} = l/V(i>' + 2*) and (xj q -\- y jp) ^(p^ + q') = €. 


100 PROBLEMS LXII. 

(4) Take Ox as the given line, and Oz containing the given 
point G where 00 = c. The equation of one of the spheres is 
«■ — 273? + y*+ «' = c*, and for a surface cutting the sphere orthogo* 
nally («-7)p + y?-« = 0, 

or (ar*H-c* — y* — «*)p/2a3 + y2 — « = 0, 

2xdxl(x^ 4 c* — y' — «*) = dt/ji/ = dzjz ; 

.'. («' + C)/y+(l + a')y = /S=/(a); 
the functional equation is a* + c* + y* + «* = ufO^ly)' 

(5) The functional equation of the family of surfaces is 

x'la-\-y'ih-^eic^f(a?+f + z'\ 
whence (xfa -^jpzlc) (y ■\- qz) — (1/ jl -\' qzjc) {x+pz) =? 0, 

(6) The vertex of a cone of revolution enveloping an ellipsoid 
«^/«* + y*/i* + «*/c* = l IS on the umbilical focal conic, and its 
coordinates are a^ 0, 7, where a*/(a*--6')-7*/(i' — c') = l; the 
equation of the plane of contact is ox/a' + 7«/c'' = 1, (1). 

Hence, for tne envelope, arfa/(a'* — J*) — 7(^7/(6*— c') = 0, and 
arfa/a* + « rf7/c' = ; 

. g'a c'7 _ aV(a'-y)-7V(y-e') _ 

'■' ic(a'-e>'')"r-«(6'-o")'' axla' + yzjc* " ' 

/,by (1), a:'(a'-y)/a*-^»(6'-cO/c^=l, 
the dirigent cylinder of the focal conic^ 

This result follows also from the theorem that the focal and 
dirigent conies are reciprocals of each other with respect to the 
principal section in the plane of which they lie, 4^^* 346. 

(7) For the envelope, 

y«+,..s= 2a («+...) and 2a?y« = a (y« +...); (1) 

/. 4a;y« (a? +...) = (y;? +...)* or 4{(y«)"*+...} = (aj'^+...)'5 

.;. a'^-i-...— 2(y«)"*-...= 0, whence x'^ + if^-hz'^^iO^ 
For the characteristic, 2a"* = a?'* +y"* + «"*, by (1), 

= «"•+ y"* +(«'* + y"*)*, .-. ajy=?a{aj+y + (ay)*}. 

(8) Shew that the equation of the cone, whose vertex is at 
(ar, y, z) in the conicoid aa?'H-iy*H-o»*=l, is af*+&i?*+^?'=2w*— 2uH-l, 
where M = aajf +..., hence, for the envelope 2u=:l, ai^d a^+...=ii. 

(9) Write A, A' for the two determinants in (I), 

and A = Aa + Bfi-^Cy, A'^A'a-\' B'fi+ Gy. 
(1) (^A' + -4'A)<fct+...= and arfa + ,..= Oj 
hence, for the envelope, 

(^A' + ul'A)/a =...=...= 2A'A/(a' + i8' + 7*) = 2m; 
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.-. (A' + jB' + 0') A' + (AA' + BB' + CC) A = 2mA, 

mi (A'' + B" + C") A + (AA' + BB'+ CC) A' = 2mA', 

the equation of the envelope is (-4^'+...— 2iwy = (-4'+...)(^'*+...), 
where ^ = cy — bz^ &c. ; and the equation reduces to 

[{x (be - 6 c) +...}• + 4m (aa' +...)] (a;" + y* + «*) 

= 4m' + 4m(aa?+...) (a'a;+...). 

(2) As in (1), writing U (or ax + j3t/ + 72?, 
(ajA + u4n)/a=...=...= 2nA = 2m and ^a: + % + Ci = 0, 
.\ (^' + jB* + a*)n = 2mA and (a;'+y' + «') A = 2mn, 
hence, the equation of the envelope is 

(x* + y* + «') {(a' +. • («*+...)- (aa: +. . .)'} = 4m'. 

LXIII, 

(1) The equations of the two spheres are r* + 2aa;=»a', and 
r' + 2^y = c", and the characteristic is a circle in the plane aa; = /8y ; 
hence, p and q being the same for the spheres and surfaces generated, 

(x + a^dx + ydi/^ z(pdx-\'qdy) = and adx^/Sdy', 

/. (x + a)ff'\-ya + z(p^ + qoL)^0, 

/. (a; + a?p) 2ar/(r* -^ a*) + (y + «?) 2y /(r* - c*) = 1. 

The functional equation of the surface is, since a =s/(/3), 

(r'-a')/2tB=/{(r'-c')/2^}. 

The algebraical form of f(u) which can give a cubic surface is 
A + Buy and the equation of the surface is of the form 

(7 (r' - a')lx -hJD(r'- c')ly = 1. 

(2) The functional equation of a right conoid, whose axis is Oz^ 
is F(zyylx)=^0, and for the right conoid of the rfi^ degree, the 
equation is Z^jif + Z'^'^'^y -{-... sszOj where Z^ is any integral func- 
tion of z of the s^ degree. 

For a given value of «, t/jx has r values, and the least value 
of n- r is 1, otherwise is would disappear. 

(3) The equations of a generating line may be written 

n(y- J)- w(;5 — c)=pa{w(ar— a) — Z(« — c)}, and « = ^a; + 7y, 

and in order that this line may generate a ruled surface, and 7 
must be functions of a, whence the equation given in the problem. 

(4) The directions (\, /a, v) of the tangent lines to the two 
branches of the curves of intersection with the tangent plane are 
given by XZ7=...= and \'m+...+ 2/LtvM'+...= 0, and the required 
equation is the condition that the two directions should be at right 
angles, Art. 26. 


I 
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(5) Taking the axis of z for the axis, and the equation t = mx 
for that of the director plane of any conoid, the equation of the 
family of such conoids is 2? = mx +f(ylx) = mx +/(w). 

The condition corresponding to that of (4) is 

(1 + ?') r - 2pqs + (1 +/) t = 0, 

whence shew that 2uf' (u) + 2m {/' (u)Ylx + (m'+ 1 4 w*)/" (u) =0, 
thus f(u) is a function of m, only when ?w = 0, or when the conoid 
is a right conoid. In this case 

/" («)//' («) = - 2u/(«* + 1), / («) = c/(u' + 1) ; 
•'• / W == ^ tan"**M =Zj or y = x tan («/c). 

(6) The equations of a generating line arc 

y == axy « = ^ (c — r), where r* = a;* + y*, 

and =/ (a) gives the functional equation « = (c — r)f(ylx). 
Find p and 5^, and shew that px ■\- qy =^ — rf (j/fx), (1) 
The osculating plane of the geodesic at (x\ y\ 0) contains the 
normal, and its trace on the plane xy touches the circle, these con- 
ditions are represented by 

-^(a;-a;'4y«) + jB(y-y+ j'«) = 0, and 4/a;' = J?/y'; 

/. Qdx ^ryy-c^^- {p'x 4 jy) z = czf(y'lx% by (1). 

(7) The torse is the envelope of a plane which touches both 
curves, and therefore contains the tangents to both, these tangents 
must therefore be parallel, and their equation^ must be 

y^mx-\- afm, « = 0; and x = ylm + ma, z^Cj 

hence, the equation of the enveloping plane is 

y — mx — ajm + Az^y — mx 4 m^a 4 -4 (« — c) = 0^ 

so that Ac — m^a^ajm^ and the equation of the plane is 

my'-m'x-'a + (m^'\-l)azlc = 0, (1) 

and from those of the next two consecutive planes 

y — 2mx -f dm'aejc = 0, (2) 

and —2x+ ^mazjc = or m = \cxjaz. 

The equations of the edge are obtained by substituting for m 
in (1) and (2). 

See H. M. Taylor * On the generation of a torse through two 
given curves,' Mess, of Math. vol. v. p. 1, where he gives this 
problem as an illustration. 

(8) Let x^ja + y'lb-hz^lc^l be the equation of the ellipsoid, 
and let (|, 17, f) be the point Q in the normal at P (x, y, «), 
PQ = \jp^ then ^-x^^^xja, &c. Hence the equation of the 
locus of Q is af7(<* 4 X)* 4.. .= 1. (1) 

For the envelope of the ellipsoid (J) eliminate \ from (1) and 
fl?/(« + ^)'+—= % (2)- By Art. 721, the coordinates f, ^, ? of 
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the two centres of curvature at P are the two sets of values of 
x(a + k)la^ &c. where a;'/(a + A:)+...= l, or a;'/a(a + A)+...= 0, 
hence the equation of the surface of centres is found by the 
elimination of k from the equations 

a^l(a + ky +...= 1 and a^l(a + *)' +..•= 0, 

which proves the second theorem. 

LXIV. 

(1) The functional equation of such surfaces is 

where W= - b'f (z) {x -/ (z)] - a"0' (z) {y - «^ (z)}, 

hence qb' {x -/ (z)} - pa' {y - <f> (z)} = ; (2) 

.\ sV [x -f(z)] - ra\ {t/ - <p (z)} + qV + wp = 0, 

and tV {x —f(z)\ — sa^ {y — <^ («)} — i?a* -|- wq = 0, 

where w = — qby (z) + j?a'^' (z) ; 

.-. (25 -;?0 J* {a? -/(«)} - (2r --ps) a'{y-^ (z)] + ^'i' +/a' = 0, 

by (2) and (1), x -/(is) = a'p (aY + 6V)"S 

and y - (z) = 6'y (ay + J V)"* ; (3) 

... a«j« (jV - 2^25 +/0 - (aV + ^V)* = 0. (4) 
The two first integrals of (4) may be obtained by eliminating 
separately /(«) and (z) from (1) and (2), and so obtaining (3). 

(2) Let the equations of the internal and external surfaces be 

x'la'-¥y'lb' + z'lc'=l±\ 

the sheU being thin, the thickness at any point is X/?, which is the 
difference between the perpendiculars upon parallel tangent planes, 
hence p is constant at all points for which the thickness is constant. 
The problem is to find the envelope of the plane Ix + my + 9iz = 0, 
If ffiy n being subject to the condition 

Pa' + m'b' + wV =/ (P + w* + w'), 

hence I (a* — ^*) /^ = »w (J* —p^^jy = n (c* — j?') fz ; 

••• a'VC"* -/) +y'/(*'-i>') +^/(c'-/)=o. 

(3^ Let Ji7*+cf'=2f be the ec^uation of the paraboloid, (?, m, w) 
the direction of a chord whose middle point is (a;, y^ z) and length 
2r ; then bmy + c«« = Z (1), and (6m' + c«*) r* = 2aj — 6y* — c^', 
hence the equation of the sphere whose envelope is required is 

■ (I - ^r + ('Z - yy + a- ^r = r' = * (2a: - Jy' - ca'), (2) 
where A"* = 6wi' + cw* ; therefore, by Art. 874, y and z being con- 
nected by (1), 

f— ^ + /!: = 0, (3) and (rj^y -kly)lbm== (^—z — kcz)lcn^ (4) 
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we have to eliminate a?, y, z from (1), (2), (3), (4) ; 

writing y' for y — 17/(1 + kh) and z' for « — ^/(l + kc)^ 
(4) becomes (1 + kh) y' lbm = (l+ Igc) z' lcn = p, suppose, 
(1) becomes bmy •\-cnz'==l''bmrjl(l-^ kb)- cn^l(l+kc)'=:U^ 
(2) becomes 

(l + Ai)y"+(l+^c)»" = 2Af+A'-AJi7V(l + B)~ic?V(l + Ac)Et;, 

.-. p{6'7?iV(l + ;fci) + cV/(l+A:c)}=M, 
p« {&'wV(l + ;t6) + cV/(l + )tc)} =t; ; 
.-. u' = {iW/(l + ;fci) + cV/(l + *c)} v. 

Hence the envelope is a paraboloid or a parabolic cylinder ; and 
it may be shewn, since c is negative, that the paraboloid will be 
elliptic or hyperbolic, as — {bm^jc + cn'/6) < or > 1. . 

If the original paraboloid had been elliptic the envelope would 
have been an elliptic paraboloid. 

(4) Since ^ i7= aa; + c'y + &'« + a", iw = a, iw' = a', &c., the 
condition of perpendicularity of the generating lines is 

a(F' + Tr')+...-2a'FPr-...=:0. (1) 

By transformation of coordinates let the equation of the surface 
become ax* + /Sy + 7^5^ 4 2a"x + 8 = 0, the condition (1) becomes 

(i8 + 7)(aa;H-V7+(7+a)^y+(a + /3)7V = 0, 

the coefficient of x*==a(l^ — j3fy)=:al^— Ay see Art. 413, and the 
terras of the second degree are /, (oa;* + ...)- ^^ (a:* +...), which 
with the original coordinates gives 

/^ (aa;' +...4- 2a3/3 +...) - A (ar' + y" + «') ; 

also in (1) the coefficient of a; is 

2a" (ab + ac- b" - c") + 2b" (cc' - a'V) + 2c" (bV - aV) 

==2a"7,- 2 (Aa"+G'b"+B'c")^2a"I,'{'dHlda", see Arts. 391, 392. 

Hence, at the intersection of the given surface with the 
surface (1), 

A (aj* + / + z') - xdHlda"^ydHldb" ^zdHldc" 
+ 7,rf- /, (a"' + b"' + c"*) + aa'"' +...+ 2a'iV +...= 0, 
shewing that the points lie on a sphere. 

(5) Take the axis of revolution for that of «, and let the 
equation of the surface be a;* + y' = ^', where <f> is any function 
of z only. The condition given is represented by 

(1 + 2") ^ - 2;?25 + (1 H- /) ^ = 0. 

x^pct><f>',y = qd><t>\ :.l==ip' + q')<l>'\ (1) 

l=r^0'+/(<^(^" + f'), 

= s(l><l>' -\-pq {H" + 4>'"\ 


PROBLEMS LXIV. 105 

,. 2+p^ + 2' = (/^-2O(*0"^-<^"); 
.^, by(l), 2(^^'' + l = <^<^" + *'^ and 2f 0"0-*-20' V'= 3<f'<^'', 
hence 4>' >"" = c"* - ^'% and dzjd^=^c (cf)' - c^"* ; 

(6) Let the origin be the vertex of the cone, (/, g^ K) the 
centre of the conicoid, a (x -fy +...= 1 its equation, and 

ax -\- Py -\- *yz = 1, ax + iSy + f^'z = 1 

the equations of the planes of the sections. The equation of 
the cone is 

a(x-/y-\-h(y-ffy-^c(z- hy^ l-p(aa:+^2^+7«-l )(a'ar+i8'2^+7'«~l>=0. 

If the axis o( z be an axis of the cone the only terms of the 
equation are those involving a?', y*, «*, and xy ; 

/. af + J/ 4- cA' - 1 = p, 2a/= p (a + a'), 

2 J^r = p (/3 + /3'), 2a = p(7 + 7), a7' + a7±=0, ^7+737*0, 

.-. a'/ a = — 7'/ 7 — ^'Iff = 0-, suppose ; 

.-. {a + l)a = 2aflp^A, (a+l)/3 = B, -((7-l)7=a, 

where ^, JB, 6* are constants; hence the equation of one of the 
planes is (o* — 1) (Ax + -By) — (ir +. 1) Cfe = a* — 1, and the envelope 
of such planes has the equation 

{Ax + By - Czy = 4c(Ax-\- By + Cz- I). 
Turning the axes of x and y through an angle tan~*(-B/-4)j the 
equation is^ {x' ^(A' + B') - Czy ±= 4 {ic' V(^' + B') + t7i8 - 1} ; 

let V(^' + jB*)s=i>sin<^, 0=:l>cos<^; 
.•. 2) (ic' sin <^ — « cos^)*'* = 4 (a;' sin + « cos<^ — D'^}^ 
In fig. 9 let OjBJf and JB^be the lines whose equations are 
x' sin <f>— z cos ^ = and a;' sin 4 « cos ^ — jD"* = 0^ 
Draw PMj PN parallel to EN and EM, then 

FM &iii2<f) = — X sin^H- « cos^, P^8in2<^=^'sin^ + «cos^ — i?"*; 

:. J) &m2<l> FM' = 4tPN, ' 

and if 5 be the focus, fi!!B"^ = i>sin2(^ j the coordinates of JB are 
^i?"^ cosec^ and ^IT* sec0, :, OE, which is perpendicular to 

a;' cos0 + «sin«^3=O, is ^i>~*(cot^H-tan<^) = i)"*/sin2^; 

/. 8E = 07i, hence the directrix passes through 0. The envelope 
is therefore a parabolic cylinder whose directrix passes through 
the fixed point. 

(7) The torse is the envelope of the plane a5|-f-yiy+«?=r', (1) 
subject to the conditions 

a;* + / + «' = r\ (2) and ax'' + &/ + c«* = 0, (3) 

which determine the sphero-conic. (1) is the equation of the 
tangent plane at (x, y, 2), and if (x + dx, y + dy, « + dz) be a 


\ 
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consecutive point on the sphero-conic, 

xdxl(b — c),=^ydt/l(c''a)^zdzl(a^b)] 

at the intersection of the tangent planes at these consecutive points 

(6-c)f/^ + (o-«)i7/y + (a-J)?/^ = 0; (4) 

(1) and (4) are the equations of the generating line of the torse 
through (a?, y, z), and for the consecutive generating line 

(b - c)« ^Ix' + (c- ay rily" + (a - b)' ?/a' = ; (5) 

hence, by (4) and (5), at the edge of regression 

(b - c) ^lax' = {c-a)rilby'^{a^ h) ^jcz' = p, 

and, eliminating f from (1)^ and (4), 

l(a-J)a:'-(i-c)«*}f/^+{(a-i)/-(c-a)«'}i?/y = (a-J)r', 

/., by (3), b-a^b^lx-avly^ abp [x*l{b - c) - yV(«- «)} 

= abcr'p l(b •- c) (c — a) ] 
/. 0?' = cr'b^Kb -a)(C'- a), y' = cr* avjib- a) (b - c), 

and (c - a)* (Jf )^ + (c - 5)* (a^)^ = (6 - a)* (cr")*. 

(8) The equation of a sphere of the system is 

a* + y* + «* - 2cxa; -f a'y/2a = 0, 

and that of the envelope is y {x^ 4 y* -f 2?') = 2ax^ ; 

hence pz = 2axly — ar, j^ = — ax^ly* — y, 

r« = 2a /y — 1 —2^", 5j8 = — ^axfy* - ^g', ^iz? = 2ax^ly^ — X — j*. 

The differential equation of the projections of the lines of 
curvature are given in Art. 718; now in this case 

{(1 + 2*) s --pqt} ^ = - (1 + ?•) (2axlf + pq) - pq (2ax'ly' - 1 - 9*) 

= - 2aa;y"* {y + q (px + qy)}^ 

{(Uj^)^-(l+/)^}, = (l+^-X2a/y-l-/)-(l+/)(2aa:7y»-l~j«) 

= 2a y-' (y' - a'' + ?y - ;>V), 

{pjr - (1 +/) s] z ^pq (2a I y - 1 - p^) + (H- /) (2aa;/y' H-^g) 

= 2ay-' {x -{-p (px^- qy)} ; 

hence the differential equation becomes 

(ydx- xdy) [{y -^ q (px + qy)} dy -f {^ ■\- p (pa -^ qy)} dx'] = 0, 

therefore the differential equations of the two systems become 

ydx- xdy=:0 and (2y^+yx^''ax*)xdy-'(2y^-\-yx^-2ax^)ydx=:i0. 

The integral of the first is y = Cx, the corresponding lines of 
curvature being plane curves, and for that of the second let y = vx^ 
whence (2v* -f 1) x^vdv + a(vdx-' xdv) = 0, 

/. v* + v'-2av/x = l>, and y'' -^ a? (f '- 2ay) = Dx\ 

(9) The cubic must be supposed not to be made up of surfaces 
of a lower degree, as of a plane and cone, which may in one sense 
be called a torse. 
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We have to shew that the edge of regression cannot be of 
double curvature, for in that case four generators P, Q, jB, and 8 
may be found which do not intersect, a straight line T can then 
be found which will intersect all four, and therefore will lie entirely 
on the torse ; the tangent plane at any point of P must therefore 
contain T as well as the next consecutive generator P', so that P' 
will lie in the plane (P, T) ; similarly for the succeeding consecu- 
tive generator, until Q is shewn to lie in the same plane, which is 
contrary to the supposition that P and Q do not intersect, 

LXV, 

(1) If M = 0, v = be the equations of two of the aurfaces 
satisfying the conditions, that of any one of the cluster will be 
Xm + /AW = 0, and for its r^^ polar with respect to (x\ y\ z\ w')^ 
Td/u 4- filXv = 0, and all the r^^ polars will have a common curve, 

(2) If u = 0, t? =s: 0, t^ = be the equations of three surfaces 
through the points, \u -{- fiv -\- vw =■ will be that of any other 
surface of the cluster; hence all the r^^ polars have as common 
points the intersections of the three surfaces Z^w = 0, J9''v = 0, and 
D'w = 0, which are (n — r)' in number, 

(3) Let {x\ y\ z\ w') and {x% y\ «", w') be P and Q ; and let 
w = be the equation of the surface, those of TJ and F are 

(x'^+...)« = 0, and (a'"^+-..)«=.0; 

the analytical statement of the theorem is 

(x'dldx-^.,.)(x"dldx+,.,)uE (x" d j dx +...) (x' dj dx -{-,..) u, 

(4) Proceeding as in (3), shew that 
(a!'dldx+...y(x'dldx-^...yu = (x'',dldx+...y(xdldx+...yu. 

(5) Let (1, 0, 0, 0) and (0, I, 0, 0) be the points P and Q^ and 
let w = be the equation of the surface of the w**^ degree. 

The p^^ polar of P is (dldxyu=:0, and if this surface have 
a double point at Qj its equation will have none of the four terms 
involving ^""^j a^^""''N ^^"^\ or wi/*^\ hence the equation w = 
will be without those involving 

a^y^^j ary-'"', afzy'^''-\ or afwy'^^K 

The equation of the (n-p- 1)^*^ polar of Q is (djdyy^-^u^Oj 
which will have no terms involving o^y^ ix^*\ x^z^ or afwy the polar 
of Q will therefore have a double point at P. 

(6) The equation of the cubic surface on which CD of the 
fundamental tetrahedron is a double line may be written 

JFe a?' + iic' (ay +■ i« + cw) + xy (ay 4- b'z -f- c'w) + y^ (V'y + cz -f d"w) 
= a;^ + x^u + xyu! + yV ==0, (I) 
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and a line through A (1, 0, 0, 0) meets the surface in three coinr 
cident points given by the three equations F=Oy -D^= 0, and 
2>'-F= 0, where i>Erf/ rfjT, Art. 909, 

.-. 3a:' + 2xu + yu' = 0, &x -f 2m = ; 

eliminating x from these equatiops and (1) we obtain 

y (S^m" - uu') = 0, and u^ = Syu' ; 

these equations give the six generators of the enveloping cone, 
whose vertex is -4, which touch at three coincident points, forming, 
in the case of the general cubic surface, cuspidal edges; ^ = 0, and 
u*=iSyu' give two coincident points on 6*i>, the remaining four 
points are the points of intersection of the two conies dyu" =^uu' 
and u^ = 3yu\ one point is on CDj and the other three correspond 
to the proper cuspidal edges. The three points on CD are at the 
intersection of <7i) by the third line which, with the double lipe, 
makes up the section of the cubic surface by the plane A CD. 

(7) Working with the corresponding surface ic'*+^"*+...= 0, 
or yzw + zxw + xyw + xyz = 0, the polar conicgid with respect to 
(a?', y , z\ w) is given by the equation 

(y' -f «') xw 4 («' + x') yw + (x' + y) zw -f (x' 4- w) yz 

-\'(y'-\'w)zx'{;(z+w)ay^0l (1) 

if this represent two planes, it must be 

i. one of the three forms, such as (Aa -f By) (Gz-\- Dio) = 0, 

or ii. one of the four forms, such as x (By + Cz + Dw) = 0. 

i. If the terms in xy and zw be wanting, z'-\-w*=0 and a:'+y'=0, 
and AlB^(y'^w')l(ai-\'W')^{y''\rz')l{z'^x'\ :. {z+xy=^(z'^x')% 
hence a;' = or a' = 0; if ic' = 0, ^ = and 2j' + w?' = 0; if ^' = 0, 
i(?' = and a:' + y' = 0. 

ii. If the terms in yw^ zwj and yz be wanting, 
4j' + a;' = 0, ^' + y' = 0, and a'-hw'=^0; :. -x=::y' = z'—w'. (2) 

The polar plane is given by interchanging daerhed and undashed 
letters in (1), and its equation, by (2), becomes dx — y — z — w = 0^ 

Writing xjl and x'jl for x and a?', &c.', we have the four positions 
of P and the polar plane for the given surface. 

i. supplies six more positions in the six edges, apd the porrcr 
spending polar planes xjl + ylm^O^ &c. 

(8) This follows immediately from Art. 903, 

LXVI, 

(1) The equation of the tangent plane at («, y, z) to the 
surface w = m^^ + ^^^+...= is £/|H-Fi7-f W^? =-"„_,- 2w^^,-... , 
and the perpendicular from any point {x\ y\ z) upon it is constant, 
::iUx'+...-^u^,, + 2u^,+...y^C\U'^V' + W'). 
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(2) Let (a, /8, 7) be a point on the surface, we have to find 
the envelope of the first polar whose equation is 

adUldx + ^dUldi/-hydUldz=:P, 

subject to the condition a"*/a"* + ie'^76"* + 7'"/c"*=l, 

/. dUldx^PoT-^lar, &c., 


ram m 


/. (arfC^/rfa;)'"-^+...= P"*^(a"/a"+...) = P^ 

(8) The equation of the first polar is 2 [xw (ny' + w2j )} = ; if 
this represent a sphere it must be the sphere circumscribing the 
fundamental tetrahedron, hence, by Art. 587, 

a ' = a (ny' + m«'), a* = o* (rx* + lw\ 

y "^ = IT Qz' + nx')^ b^v=a (ry' + mw?'), 

c^=i(T (mx + ly')y c* = <r (r^;' + nw') ; 

henoe mna' + Ira ^=^<Tlmnr(x' 1 1 -{-y* I m-\-z' I n + w' I r)^ (1) 

y'£; a' + oj'm? a' ' = trxyzw (Ijx' + mly' -]■ njz -\- r/ «?'), (2) 

and V^ jln-^ c^ jlra-^ a^ jmn^^ax jl] (3) 

by (1), wina' + Ird * = ?«i'' + mrV * = Zmc' + nrc ' = p, 

by (2), yza^ •\- xwa^ =^,,.=,,. is the locus of the poles, 

by (3), since ?a * = p/r — a^mnlr^ 

:, "lax = 6'*/n + c^\m + a'/r — p\mnr^ 

whence tbe ratios x \ y' i z' i w\ 

(4) The degree of the enveloping cone is n (w — I), the number 
of sides of the cone which meet the surface in three consecutive 
points = ?i (n - 1) (n — 2), Art. 909, the number which touch the 
surface at two points is \n (n — 1) (n — 2) (w — 3), Art. 915. Hence 
the number of cuspidal edges of the enveloping cone, and therefore 
of cusps on the plane section of the cone, is n (?i — 1) (n — 2) = a- ; 
the number of double sides of the cone, and therefore of multiple 

Joints on the plane section, is \n (n ~ 1) (n — 2) (n — 3) = X ; the 
egree of the plane section is «(w — 1), hence, by Art. 670, the 
class is w (w - 1) {w (w — 1) — 1} — 2\ — 3flr = w (n — 1)', which is also 
shewn in Art. 917. Therefore the number of points of inflexion 
of the plane section 

= <rH-6{w(7i-l/-n(n-l)}=w(w-l){w-2+3(n-?)}=4w(n-l)(n-2). 

(5) If CD^ an edge of the fundamental tetrahedron, lie entirely 
on the surface, the equation of the surface will be of the form 
F2x<f>-\-yylr=0^ where <^ and yjr are functions of the (w— ly^ degree, 
which become <l>^ and yjr^ when a; = and y = 0. 

Let (x\ y\ «', w) be a parabolic point P, then, Art. 906, the 
polar conicoid If * {x^ + y'^') = is a cone. 
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If w,;, M,„ &c. be written for d\Fjdx\ d'^F'jdxdy, &c. the 
parabolic points lie in the surface which is the Hessian of 

WjjJ:' +...+ 2M,jy« +...+ 2w,^xto+...= 0, 

we have to find the points in which this surface meets CD, 

When x'=0 and y=0, u^^==d(l>'Jdz\ u^^=d<l>'Jdw\ u^^d^[Jdz\ 
ii^ = d^'Jdio\ and 1*^^ = = Wg^ = u^; hence, at the point of inter- 
section with CD^ 
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Therefore CZ> touches the parabolic curve in 2 (n — 2) points. 

(6) Let (f , i;, fi o)) be the pole of the tangent plane at the point 
(x\y\ z\ w')y whose equation must therefore be 

f a: 4 i/y + ?« + cDW? = 0, (1) 

.•. 2a2? V + 2 Wy = pf , 2&xV + 2c«y = piy, (2) 

ax * + cy = - ibwxy\z - p?, and ibxy = p©. (3) 

By (3), «'?H-t^® = 0, and by (1), ^'f + y'i7 = 0, 

by (2), 17 (a«V + Jm^>') - ? (iar'w?' + C2 y') = 0, . 

/. ri (amy + J?f) + f(i»7?+ cwf) = 0, 

or a> (av^ + cf ) + 2&|77?= 0. 

CD is a double line on the given surface, and, by Art, 924, the 
class is lowered by 7 . 3 - 12 = 9, hence the degree of the reciprocal 
is3.2'-9E3. 

(7) and (8) A solution of these problems is given in Salmon's 
geometry of three dimensions, Arts. 588 and 598, in connection with 
which his Arts. 473 and 474 should be studied. (7) was first given 
in Camb. and Dublin Math. Jour.y vol. iv. p. 258, and (7) and (8) 
afterwards in Quart Jour. vol. I. pp. 333 and 337. 

LXVII. 

(1) The volume Is Jfjdxdydz or fjjpdpdffdz taken from z = z^ 
to «,, p = to 2rcos^, = — ^TT to ^tt, and z^-- z^^{a'-^a)xlc\ 
the volume is 

(a^a)c'W oos0dpd0 = § (a -a')c'Y,*^8r» 008*^^^ = ^" {a^a')lc. 

(2) Let A be the area of a section of the surface by the plane 
;r + y + « = p\/3; this section, from symnietry, is a circle, the 
distance of whose centre from the origin is p\ and when x = y=^Zj 
o* = a?' + y* + «'' = a' ; hence the volume of the surface is J^Adp. 

The equation of the projection of the section on the plane xy is 

^y + (^ + y) (;? V3 - :r - y) = a% 
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turning the axes through Jtt, the equation becomes 

i (^* - y*) - 2^* + ay V6 = a*, 
or 3x' - 2px v/6 + 2/ + y' = 2 (p' - a*), 

.-. ^ V J = 27r 3-i (/ - a'), 

hence the volume = 27r//(p* — a**) (?p =» ^tt (o — a)* (c + 2a). 

(3) The integrations are to be taken from x=(y^-\-z^)l4:a to x=i2?4«, 
from 2^ = - V{8a* - (« - 2ay} to y = 4- V{8a* - (« - 2a% and from 
« — 2a =» — a VS to + « V^, giving for the volume 

Jia"dz {8a* - (« - 2a)'}^ 

which becomes, if « - 2a = a V8 sin ^, 42^a"/o*^ cos^*dd0 =» S^ra'. 

(4) The volume, including the part below as well as that above 
the plane of xy, is 2jjfrdrd0dz^ the integrations being taken from 
z = to mr cos^, from r = to a, from ^ = to ^tt. 

(5) Representing the bounding surfaces by cylindrical coordi- 
nates, r^ = az^ r = a cos 5, and « = 0, the volume i& JJJrdrdddzj the 
integrations from « = to r*/a, r = to a cos^, ^ = — ^tt to + ^tt. 

(6) The volume ^JJJrdrdOdz^ the integrations being taken from 
z^O to ^r^(a cos*^ + J sin'^), r = to 2ccos^, ^ = -^7r to ^7r, 

= /!r 4 (2c COS ey (a cos'5 + b sin'^) c?5 = Jttc* (5a + J). 

(7) Let a;7«* + y'jb^ + «*/c* = 1 be thp equation of the ellipsoid, 
x = k that of the plane of the base of one of the cones ; the area 
of the base =(7(a'^-A') where C is constant for all values of ^, 
the volume of the cone is J Ch (a* — A*), and that of the segment 
of the ellipsoid is 

/;(7(a'-a0rfa=C{a«(a-A)-i(^'-A')} = i^(«-A)(2a'-«A-A'), 
.*. the volume contained within each sheet of the cone =^(7a*(a— A), 
hence the volume between the two cones (h) and (h') x A ~ A'. 

(8) Let p be the perpendicular On the tangent plane at the 
point (ar, y, z) at which A8 is situated, then ^S=^ dxdy.&fpz^ 
also Ap = TTahc ; let ;r = ax\ &c., 

/. ^81 A = cdxdyjirabz = dx'dy'jirz' = rdrdOlir V(l — O? 

/. S(AS/^) = 4/;rrfr(l-r»)-i = 4. 

If ar = a copa, r = sin a, y = hr cosyS, « = cr'sinyS, 

dydz = bcrdrd/S = Jc sina cosadadjSy 
and 

^S=dydz,a'*lpz=abcs\nado(.dl3^/{s\n'a{coB'filV'^ sin'/S/c*)+cos'a/a'}, 
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LXVIII. 

(1) The volume is composed of four equal portions, viz. those 
for which xyz is positive. 
- Let .a? = r sin^cosc^, ^ = rsind sin^, « = r cos^, 

.-. r==c m^6 008^ sin ^ cos ^ is the equation of the surface. 

The volume 

= 4///r* Bmed(t>d0dr = fc'/.i^j;*'^ sin'd cos'^ sin'<^ cos'' (f>ded<l>. 

(2), When y is constant the section is an ellipse 

(ax - y'f + (bz - y'f = 2y% 
whose area is 2'n-y*lah, hence the volume ib J*^2'7ry*dy J ab. 

h 

(3) Let the plane of the disc be parallel to zOx, G its centre 
on a circle in the plane aOy^ AGB the diameter parallel to Ox 
cutting Oy in JIf, MP the ordinate in the plane yOz'^ and let 
lCOx^O, :. CM =c cose and PJf= Oif=csin^. The portion, 
of the cavity in the compartment Oxyz is generated by the part 
of the semicircle MPB^ hence the entire volume is 

8//c? (c sin 6) {^c' (tt - ^) + ic* sin ^ cos 6] 

== 4c' (tt sin ^ - 5 sin ^ - cos e - J cos'^)^*'^ = |c' (Stt + 8)- 

(4) The volume ffjdxdydz will be obtained by summing in 
the ordjer x, y, «; the first summation gives the parallelepiped 
dxdyiz^ — z^\ z^j z^ being the two values of z for given values 
of X and y ; the second gives an elliptic disc, as the sum of the 
parallelepipeds for a given value of x taken from y = y^ to y,, 
^15 y* being the values of y for which the parallelepiped vanishes, 
determined by the equation ^^ — «i = ; the third summation gives 
the volume, being taiken from the value — ^j to + x^ for which the 
area of the elliptic disc vanishes. 

The calculation of the values of these limits is as follows : 

cz^ + 2 {ay + b'x) 2! + era;* + by^ + 2c xy '-l=c{z ''Z^){z - z^\ 

whence c' (z^ - zj = 4 {(ay + b'xf - c (ax^ + by* + 2c xy - 1 )} 

= Hbc'-a")(y-y,)(y,-y)=lA(y-y^)(y^--y), Art. 321, 

whence ^4*^ (y^ - yj = 4c (u4 — Aar') E 4cA (ar^' - a:*). 

Hence the volume =f ^ rfa^f' 2c-^^V{i(y,-yi)'-(y-iyi-i3^,)Vy 

= P l-iTC^A^ (y^ - y^/ rfar = ttA ^"V''* (ar'\ - x') ^ar = fir A"*. 

(5) Let x=ax\ y=^by^ z=^cz\ then the volume is ahcjjjdxdydz\ 
the limits being those determined by the equation 
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or in polar coordinates r"* = 1 - 2 sin*^, hence the volume is 
abcfjy COS 0d0drd<l> = ^irabcj^ cos5rfd(l-2 sin'^/; 

4 

let V2 sin = sin yffj 
the volume =|wa&c/^*'^ \/2 cos^^V^ = 4 sj^iz^ahc. 

(6) Let ^ be the angle which GP makes with the fixed diameter, 
the volume generated by the circle when its centre describes the 
arc ad0 is ultimately Tra'sin'^.arf^, and the volume required is 
^^-^TTc^^m^Ode. 

(7) Let ao? + % = ? be the equation of the line AB cutting the 
axes Ox^ Oy in -i, J5; draw OY perpendicular to ABy and let ^ 
be the distance from F of a point P in YA, 

An element of the surface, whose projection on xy is the plane 
element at P, = sec ydrjd^l V(a* + b^)^ 

where sec7 = V{1 + (a' + J') [/' (^)]'}. 
The result is the summation from 17 = - JSF to YA^ | =^ to c. 

(8) Let p be the perpendicular from on the tangent plane 
at P, the volume of the cone, whose vertex ^is and base dS, is 
^pdSy hence the volume of the closed surface is J//r cos <l>d 8. 

Let the equation of the ellipsoid be a?7a''+//&* + «7^'=l; 
the cosine of the inclination of dS to the plane of yz is pxja^^ 
/. pdS=a^dydzlx^ and if y=:brcos0j « = crsin^, dydz = bcrdrd0j 
and a; = a V(l — ^0? hence the volume is 

lS:S,^''ahc.rdrdeisl{i - r'') = f7ra&c. 

LXIX. 

(1) Let the planes of the ellipses be owj + )8y -|- 7^2? = ± 1, 

/. p (ux^ +...+ 2/y« +...) E {ax + 6y-\- 7«y - a;'/^' - 3^7*' ~ ^V^'j 

/. a^ — ar' = pUy ..., ^y=zpf^ 'y^^pffy Oi/3 = ph^ 

:. (^ = PS'A//, a"' = p iaMf- ^)> &c. (1) 

Let aj = a^, y-^b^^ « = cf, the volume required =^jjjdxdydz 

:=abcJJJd^d'r]d^^ between proper limits, =abc x volume of the sphere 

f' + V + ?* = 1 cut off by the cone whose vertex is the centre, and 

which intersects the sphere in planes aa^ + ^Ji7 + 7cf =±1. 

Shew that this is |7raic(l— A), where 2A is the distance between 
the planes, so that F* = aV + fi^b' + 7V, 

and, by (1), a''a^=ghl(gh-uf), &c. , 

(2) Let a? = rcos^, is = rsin^; then (r'-ay + y^==(a0l27ry. 
Hence the surface is generated by the motion of a variable circle, 
the plane of which turns round the axis of y, the centre describing 

Q 
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a circle of radius a, in the plane of zx, the radius being a0/27r, 
where is the angle through which the plane has revolved front 
the plane of xy. The volume required is j^'^ad0.c^6^j4.Tr = JttV. 

(3) The equation of the ellipsoid being a?la^ -{-y^jh* + «'/c* = 1, 
if y = 5 8in COB d, is; = c sin sin 6^ x=^a cos^, 

.-. Jfx'dSlp=JJa'xdydz(ai'la^ + y'lb^Wlc') • 

=S/o*7o*Vic sin<^ co^^4>d4>de {cos'<^/a'+ (cos'^/ J«+ sin'^/c') sin'<^}. 

(4) Since the surface is closed, any straight line through 
will meet the surface in an even number of points P^, P/ ; P,, P^ ; 
...P,j, P^'. Consider any pair of points P, P', and let be a point 
in the Une joining them, and with centre and radius a describe 
a sphere; a slender cone whose vertex is will cut from the 
surface the elements d8 at P and d8' at P', and from the sphere 
the element (Zcr; let OP=r and OP' = r\ dScosyfrjr'^dala^ and 
dS' co^'^' jr'^ ^^dafcl^y ^ or + as is without or within the 
surface. Hence, summing for all the surface, JJfidS cosyfr j r' =^0^ or 
/it/a'xthe whole surface of the sphere, according ^s is without 
or within the surface considered. 

(5) Taking the coordinate axes as in Art. 525, let p be the 
radius of the generating circle of an intermediate anchor ring, 
p* = a' + (r — c)', the principal radii of curvature at a point P are 
p and prl(r -c), and Pi"* + /),"\ of Art. 952, is p"Ml + (^"^)/^}j 
hence 8j the surface of the ring, 

= HSdxdydz {1 + (r - c)lr] [z' + {r - cJY^ ; 

let a; = rcos0, y = rsin<^, :, dxdy = rdrd<l)^ and let r — c = p cos^, 
z^p sind, :, drdz^pdpdBy and dxdydz — rpdpddd(f>] 

.-. 8 = j^irSr^P d^ # (2p cos ^ + c) = iir'^ac. 

(6) Let x = ax\ y = Jy', « = cz\ then the integral is 

JJJabc dx dy dz' e , 

where | is the perpendicular from (x, y\ z') on the plane 
axc-\-by-{-cz = 0^ (I), the limits being determined by the sphere 
aj" + y'* + «'*==l ; transform the axes so that 0| is perpendicular 
to the plane (1), (f , ty, f) being the point (x\ y'\ z'\ the mtegral is 

abcjjje^ d^dr}d^= abcj^lir (1 - |*) e^^ d^^ which gives the result. 

(7) Let C be the centre of the sphere, a its radius, and let ^8 
be a circular belt whose centre M is in 00, and radius PM] let 
GO = Cj OP=r^ and let ^ be the angle between CP and CO 
produced, so that r^ = a^ + c* ^ 2ac cos 0, then 

JJf(r)d8=ff(r).2irasm0.ad0 = 27ralcJ:::rf(r)dr 

= 27ra./c {^ (a + c) — ^ (a - c)}, 
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where <l>'(y) = rf(r)] this being independent of c, the differential 
coeflScient vanishes, thence shew that, for all values of c, 

(a + c)/' (a + c) +f(a + c) = (a-' c)f' (a - c) +/(a - c), 

:.rf'(r)^f{r)=A + B(r-ay-\-G(r-^ay-^..., 

where -4, B^ C, ... are constant; 

hence r/(r)=u4r + ^' + J5(r-ay + iC(r-a)'+... . 

(8) The equation of the surface is found in Prob. XVIIL (14) ; 
and if X = r cos d^yt=r sin 9j then z = (cf -- V) c sin cosdjab. 

The volume is 4:Jffdedz=:4.JJd6dz(l-\-z'lc')l(coB'dla''{-am'eib'} 
from jgj = to a&c (6"^* — a"*^) sin ^ cos 6^ and from ^ = to ^tt, let 
w = a-*cos'^ + r'sin'^^, /. (b-'^-a-y sm' 6 cos' 6 = (b-'-u)(u-- a"), 

and the volume is 2abcj^^^duju {1 + ^a*J* (J"' - w) (u — a"*)} 

= Ja Jc {4 log u + 2a^&» QT + a'') i* - a^J^w^}*' 
^ = labc {8 log (a/6) + a*6' (6'* - a'^}. 


«-« 
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